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LINEAR AND CONTINUOUS OPERATORS ON KOTHE-BOCHNER
SPACES

ALICE ANGHELESCU

ABSTRACT. In this paper, we study the linear and continuous operators on Kéthe-Bocher
spaces. Firstly, we recall the main notions that lead to a proper introduction of Koéthe-
Bochner spaces. Being given two Banach spaces, F and F', we introduce some linear and
continuous operators U : L,(E) — F, giving them integral representations. They will
generate the so-called "natural operators” V' : L, — L(E, F)) that we will briefly present
in the final part of the paper.

Mathematics Subject Classification (2010):47A67, 46E30.
Key words:Kothe-Bochner Spaces, linear operators

1. GENERAL FRAMEWORK

Let (T, T, ) be a o-finite and complete measure space.
Notation. My (u) ={u: T — R, |u is p — measurable}

Definition 1.1. An application p : M, (1) — R is called function norm if:
® p is non-trivial;

p(u) < p(U), Vu,v € M+(M),U < vy

plu+v) < plu) + p(v), Va0 € M, (1);

plow) = ap(u),Ya € Ry, u € M, ();

o p(u)=0iffu(t)=0 p—ae

Example 1.2. p: M, () = R, p=| |, 1 <p < oo; (for proof see [2])

For any A € T, we write p(A) = p(va)
Notation. 7, = {4 € T|p(A) < oo}.

Definition 1.3. We say that p has the Riesz-Fischer property if p (Z un) <> plug),

n>1 n>1
for any sequence (uy)n>1 C My(p).

Definition 1.4. We say that p is of absolutely continuous type if for any u € M (u)
with p(u) < oo and for any decreasing sequence (up)n>1 C My (1) such that u, < u p-a.e.
Vn and such that lim w,(t) =0 p-a.e. we have p(u,) — 0.

n—oo

2. GENERAL CONSTRUCTION OF KOTHE-BOCHNER SPACES

Let X be a Banach space.
Notations.



Mx(p) ={f:T — X|f is p — measurable}
Nx(p)={f:T—=X[f=0 p—ae}
For any f € Mx(u), write

def

plf1= p(f])-

We define the vector space

L,(X) ={f € Mx(u)| plf] <oc}

with the seminorm f +— p(f) e/ p|lf|. Then we define:

Lp(X) = £p(X>/NX(#)

with the norm f — || f|| = plfl,Vf € f.
We call L,(X) and £,(X) KOTHE-BOCHNER SPACES.

Theorem 2.1. The spaces L,(X), respectively L,(X) are complete iff p has the R-F
property.
(for proof see [2])

Remark 2.2. If X =K, then L,(X) =L, and L,(X) = L, are called Kéthe spaces
Example 2.3. If p = || - ||,,1 < p < o0, then L,(X) = LP(X,p) and if X = K, then
L,=L"(u).

Let E be a Banach space.

Definition 2.4. A function f : T — E is called p-simple if has the form f = > va,x;,
=1

—

where A; € T, are mutually disjoint and x; € E.

Notation. Sg(p) = {f : T — E|f is simple function}
If £ =K, then we write Sg(p) = S(p).
For any A C T', write Sg(p, A) = {f € Sg(p)|supp(f) C A}.
Se(p,1) = {f € Se(p)lplf| < 1}.

Lemma 2.5 (Density Lemma). If p is of absolutely continuous type, Sg(p) is dense in
L,(E).

3. GENERALIZATION OF VARIATION AND SEMIVARIATION

Let X, E, F be three Banach spaces such that X — L(E,F) and m : 7, = X be a
function such that m(0) = 0 (m can be additive). Let A C T.
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Definition 3.1. 1. The (p, (£, F')) - variation of m on A is the element T, (g r)(A) € Ry
defined via:

i=1

mp:(EvF)(A) = sup {Z Hm(Az)(ﬂfz)H Z YT € SE(p> A, 1)} .

2. The (p, (E, F)) - semivariation of m on A is the element m, g ry(A) € Ry defined via:

Zm(Al)(:UZ) Z va,x; € Se(p, A, 1)} .

i=1

My, (,7)(A) = sup {

Theorem 3.2 (Invariance of the Variation with Respect to the Embedding). For any
embedding X — L(E, F) and any A C T one has M, g,r)(A) = M, x,x)(A4) =

=sup {  laullm(A)I| S paes € Selp. 4.1) |

Definition 3.3. For any function norm p and any embedding X — L(E,F), we have
defined the functions

ﬁzp,(E’F) : ’P(T) — K+, A m‘,’(E’F)(A)
m,: P(T) = Ry, A m,(A)
Theorem 3.4. Assume that p is of absolutely continuous type, m : T, — L(E,F) is
additive and m, g r)(A) < oo for any A € T, < co. Then m is o-additive and m is
locally absolutely continuous type with respect to .

4. LINEAR AND CONTINUOUS OPERATORS ON L,(E). INTEGRAL REPRESENTATIONS.

For any f = > @a,x; € Sp(p), we define the elementary integral of f with respect to m
i=1

/ fdm =N " m(A)(@:) € F.
i=1
We can define the elementary operator

U:Sg(p) — F, U(f):/fdm.

Remark 4.1. U s linear and there is a bijection between the additive measures m :
T, > X — L(E,F) and the linear operators U : Sg(p) — F, given via m — U, where

U(f) = [ fdm. The inverse of this is a bijection is given via U — m, where, for any

AeT, and any x € E,m(A)(x) e U(pax).
3



Special Case. We consider the embedding (isomorphism) X = £(K, X ) and an embed-
ding X < L(E, F). Then, for any ¢ = Y a;ppa, € S(p), we consider X = L(K,X) and
=1

1

Jdm =3 aym(A;) € L(E, F). Then, for any € E and any ¢ € S(p), one has
i=1

([on) o) [ ouin.

Hence, one has, for any A C T":

s = { | san | < 0520}

Theorem 4.2. Assume that m, gm(T) < co.

1. If (fu)n is a Cauchy sequence in Sg(p) C L,(E) (respectively in S(p) C L,), then
(f fndm)n is a convergent sequence in I (respectively in L(E, F)).

2. Assume that (fn)n and (gn)n are sequences in Sg(p) (respectively in S(p)) with the
property that there exists f € L,(E) (respectively f € L,) such that f, — f and g, — f
in L,(E) (respectively in L,). Then 1i1£nffndm = liTanfgndm.

We shall assume that p is of absolutely continuous type.

Definition 4.3. Assume that m, g p)(T) < co. For any f € L,(E) (resp. f € L,), the
integral of f with respect to m is the element

/ fdm “ lim / f.dm e F

(resp. /fdm = lim/fndm € L(E,F))
where (fn)n C Se(p) (resp. (fu)n C S(p)) is such that f, = f in L,(E) (resp. L,).

Theorem 4.4. Assume that m, g p)(T) < co. We have the linear and continuous oper-
ators U : L,(E) = F,U(f) = [ fdm and V : L, — L(E, F),V(p) = [ pdm.

Then:

1. For any ¢ € L, and any x € E, one has V()(z) = U(pzx).

2.a) ||Ulo = 1,51 (T);

b) IVllo = 110,12, (T) < 10p,8,1)(T)

We consider the linear, but not necessarily continuous operator U : L,(E) — F. Let
us [|U]l,, [|U]l|, € R+ as follows:

1, = sup {Hz Utpaien)| |35 pac € Silp 1>}

T, = sup {z 10 Gpaall| 35 oats € el 1>}




Theorem 4.5 (Integral Representation of Linear and Continuous Operators on £,(E)).
There exists a linear isomorphism U <> m between the vector space of all linear and
continuous operators U : L,(E) — F and the vector space of all o-additive measures
m : T, = L(E,F) with m, g rp)(T) < oo which are locally absolutely continuous with
respect to pu. This isomorphism is given as follows: If U are m are in the correspondence
described above, then

Ut = [ am

for f € L,(E). Supplementarily, we have |U||, = [|Ullc = M, mp)(T) and ||U]|], =
my(T).
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A CONVERSE OF TRIANGLE INEQUALITY; APPLICATIONS.
ILEANA BUCUR

ABSTRACT. Looking at triangle inequality in a linear normed space written under its
multiplicativeform we complete it by an oposite one and we apply it to the behaviour of
holomorphic functions at the boundary

Mathematics Subject Classification (2010): 26D15, 30B10
Key words: triangle inequality

1. INTRODUCTION
Giving three points 1, x9, x3 in a normed space (X, || - ||) such that
25 — @1 < [Jag — 24|
we have, so called inequality of triangle

(1.1) 1< w2 = s .
T lwe = 2| = [z — 2|

If we look to the triangle [z, x5, x3], i.e. the convex covering of the set {z,xq, 23} in

some cases the real function on [z, z9, x3]\{x2} given by ¢ — | lea—1]

—2—1___— is bounded
[z2—z1(|—[[t—21]]

from above.
An application of this inequality to the derivation term by term of a power series t the
boundary point of convergence is given.

2. A CONVERSE OF TRIANGLE INEQUALITY

Throughout this paper, (X, || - ||) will be a linear normed space. For a subset A of X
we denote by co(A) the convex covering of A, i.e.

coA = {zn:oziai a; > 0,a; GA,zn:ozi = 1}
i=1

i=1
and particularly if a, b, ¢ belong to X, we put
[a,b] = co{a,b} = {aa+ (1 —a)b;a € [0,1]}

3
[CL, ba C] = CO{CL,ZL C} = {a1a+ 062b+ a3C; Oy Z O,ZCY,L' = 1} .
=1
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Lemma 2.1. Let 21, 29, 23 be three points in X and let z = azo+ (1 —a)z3,0 < a <1 an
arbitrary point of the set [zq, z3]. Then we have:
1) ||z = 2] < allzr — 22| + (1 — a)flz1 — 2]l;
2) ||z1 — 2| < max{||z1 — 2], [[21 — 23] };
3) llz1 — 2|l <max{llzs — 2|, 21 — zsl[} if lzo — 22l # 122 — 2.
Proof. 1) With the above notations we have
21 = 2| = [lez1 = 22) + (1 = @) (21 — 23) | < |21 = 22| + (1 = @) |21 — 23]|.
The assertions 2), 3) follow directly from 1). O

Proposition 2.2. We consider z1, 22, z3 in X such that ||za — z1|| < ||z3 — z1||. Then, for
any element z # 23,z € |21, 29, 23] we have:

23 — 2| |23 — 2|

st - 2’1|| - ||Z - ZlH N HZB - Zl|| - sz - 21||'

Proof. First of all we remark that if we consider a point z} € [z, 23],2 # z3, we have,
using Lemma 2.1, 3)
12 = 21|l < [lzs — 21l

If 24 is a point of the set [z1, 22, l.e. 25 = 21+ p(22—21), p € [0,1] in the triangle [21, 25, 23]
we have also

122 = 21l = pllzz — 21l < flzs — 2.
In both cases the new triangle [21, 25, 23] satisfies the same condition as the starting triangle
[21, 22, 23], 1.e. ||2h — 21| < |23 — 21]|-
Case 1. If 2 € [29, 23], i.e. 2h = pz3+ (1 — p)22,0 < p < 1, using Lemma 2.1, 1), we get

125 = 21l < pllzs — 21l + (1 = p)[l22 — 1.
On the other hand, we have
lz5 = 25|l = [|(1 = p) (23 — 22)|| = (1 = p)llzs — 2],

23 — 2| (1= p)llzs — 2| _
|23 = 21l| = |22 — 21l] = ll2s — 21ll = pllzs — 21l = (1 = p)[22 — 21|
_ |23 — 22|
23 — 21|l = [l22 — 2|

Case 2. Let now 2} € [z1, 29, 1.e. 25 = pzo + (1 — p)21,0 < p < 1. Using Lemma 2.1, 1),
we deduce:

Iz3 = 25/ < pllzs = 22ll + (1 = p)llzs — 2l
and therefore

|23 — 2| < Plizs =zl + (A= pllzs — =l _
Iz = 21l = llzz = 21ll = llzs = 21l = |2 = |

_ pllzs =zl + (A = p)llzs — al
|23 — 21| 7— pllze — |



We have only to verify the inequality
pllzs — 2ol + (1 — p)llzs — 2| < [23 — 2|
25 — 21| = pllz2 — 2] = lzs = 2l = [l — 2|
or in other words to verify the relation
pat(1-pb _ _«
B—py T B—7
where o = ||z3 — 29|, 8 = ||z3 — 21|, v = [|22 — 21 ||-
The relation (2.1) is equivalent with the relation paB — pay + (1 — p)B2 — (1 — p)By <
aff—payor pa+(1—p)—(1—p)y < aor f—~ < a which is just the triangle inequality.
We finish the proof considering an arbitrary point « € [z1, 22, 23]\ ([21, 22) U [22, 23] U [21, 23]),
ie. © = 121 + Qo2 + agzz, a1 > 0,a9 > 0,3 > 0,1 + as + a3 = 1. If we denote

(2.1)

2 = TSm0 %, then 2 € |21, z0] and using the case 1), we have:
) [ s =al
lzs — 21l = Iz — 21l ™ [lzs — 21l = llz2 — 2|

If we look to the triangle [z1, 2, 23] we observe that

x:(oz1+a2)<

i.e. x € [z}, z3]. Hence, applying the Case 2, we have

21+

!
1 29 | + 323 — (062 + 043)22 + 323,
aq + (0] aq + Q9

23 25 — =] 25— 24|

Iz = z1ll = [lo = 21l = flzs — 20l = ll25 — 2l
and therefore using the inequalities (2.2) and (2.3) we get

x5 — || ||Z3—Z2||

||l‘3 - 21|| - ||5E - 21|| N ||Z3 - Zl|| - HZ2 - 21||'

3. DERIVATION AT THE BOUNDARY

The main result in this section is to show that the rule of derivation of sum of power
series is still valid at the boundary points if the series of derivative terms is convergent at
these points.

In the sequel (X, || - ||) will be a linear Banach space and C will be the set of complex
numbers.
Definitions: a) If M is a non-empty subset of C,zy € M is a point of accumulation for
M (i.e. zp is not an isolated point of M) and f: M — X is a function such that there
exists ro € X and there exists

@ =)

2—20 Z— 2
we say, as usually, that the function f is differentiable (or derivable) at zp and, in this
case, we denote f’(z9) = xo.

8



b) If (f.). is a sequence of functions defined on M with values in X, zy € M as above, f,
is differentiable at zy for all n, we say that the sequence (f,), is uniformly differentiable
at zp if for any € € R, e > 0, there exists 7. > 0 such that

fn(2) = ful20) . fr/L(Z(J)

Z— 20
The proof of the following assertion is obvious

<e VzeM,|z— z|<n.,VneN.

Proposition 3.1. If the sequence (f,), is uniformly differentiable at the point zy and,
moreover:

a) the sequence (fn)n is pointwisely convergent to a function f: M — X,

b) the sequence (f!(z0))n converges to the point xy € X, then the function f is differen-
tiable at zy and we have

F'(z0) = ol e, T fifz0) = (Tim f) (20))

Remark 3.2. The proof is based on the following Weierstrass type assertion:
If (gn)n is a sequence equicontinuous of functions at zo and if it is pointwisely convergent
to a function g, then g is also continuous at zj.

Corollary 3.3. If M is a non-empty convex subset of C and (f,). is a sequence of
differentiable functions f, : M — X such that (f,,), is pointwisely convergent to a function
f: M — X and such that the sequence (f)), is uniformly convergent to a function
g: M — X, then the function f is differentiable on M and we have " = g.

Proof. 1t will be sufficient, using Proposition 3.1 to show that the sequence (f;,), is uni-
formly differentiable at any point zy € M. For this we remark that if z #£ zg,n,m € N,

we have H f”(ziiiCZ(ZO) —f,Q(m)H - ‘ fm(zi:f:(%) () ‘g
< [ Lo mTan) g, g )| < 2sup 5200 - 0

For an arbitrary real number €,¢ > 0, we consider ng € N such that || f, — f},[| < § for
any n,m € N, n,m > ny and we consider 7. > 0 such that

fno(z) - fno(zo) /

Z— 2 - nO(ZO)

From the above considerations we have

<
37

< Vz e M, |z — z| < 7e.

n > ng, |z — 20| < Ne = Jnl2) = Jnlz0) _ (20|l €.
zZ— 20
The last inequality still holds for any n € N changing, eventually, the number 7.. U

Notations. If r € R, > 0 and 2y € C is such that r < ||z||, we denote by M, the
convex covering of the set {z} U B(O,r), where

B(O,R)={z€C;|z| <r}.
9



It is obvious that if r = ||z||, then
M., ={z}UB(O,r).

Lemma 3.4. Let Y a,z" be a power series with coefficients in X and let R > 0 be
the radius of convergence of this series. If the series is convergent at a boundary point zy
(1z0] = R), then the sequence (S, ), of partially sums of this series is uniformly convergent
on the set M,, , for each number r,r < R.

Proof. Making some elementary transformations we may suppose that R =1, 25 = 1 and
o

a, = 0x. Taking » > 0,r < 1, we have

n=0
M, C B(O,r)uT' UT",
where 7', T" are given by
T' = co(0,2',1),T" = co(0,2",1),

|2] = = [["]] < 1.
More precisely, the straight lines passing by 1 and 2’ (respectively z”) are tangent to the
circle

Cr:={2€C:|z| =r};

Using the converse triangle inequality we have

]1—z]<|1—z’|_\/1—7“2_\/1+7"
L=z = 1=  1—7  V1-r

zET":>’1_Z’< 1+T.
1—]zl = Vi1-r

The uniform convergence of the sequence (S,), on B(O,r) is just the Abel convergence
result.

zeT =

n
We show now the uniform convergence on the set 77, let us denote s, = >_ a; for any

n € N. By hypothesis, we have lim s, = 0. =
Let n,m € N be arbitrary and lg’: :'OE T'. We have
n+m
Snym(2) = Sn(z) = Z (si —si21)2" =

i=n-+1

n+m—1
=80 2" b s 2T (1 2) E Spyi - 2"

1S (2) = Su(2) | < llsall + lsnmll + 1 = 2| - Mu- D 2],
i=1
where we have denoted M,, = sup{||s,+:||;7 € N}.
Finally, we get z € T" = [|Sp1m(2) — Sn(2)|| <
10



< 2M, + |1 — 2|2 - ‘M < M, (2 + 4/ 1+T> The assertion follows now since lim M, =

n—oo
0. O
Theorem 3.5. Let R > 0 be the radius convergence of the series Y a,z", where a, € X
for all n € N. If zy is a complex number with ||2| = R and the series . na,zy~ ' is

n=1
convergent, then:

a) The series Y anzy is convergent.
b) For any r > 0,r < R, the function on M, :

2+ S(z) = Zanz”

is differentiable at any point of M, , and we have
"(2) = Z na,z""!
n=1

oo

Proof. a) From hypothesis the series ) na,z{ is convergent and therefore there exists a
n=1

positive number P such that

k
E Nap 2y

n=1

< P,Vk € N.

Sincer the sequence (%)n>1 is decreasing to 0 we deduce (generalised Abel cryterion) that

the sereis ) a,z{ is convergent.

It is known that the radius of convergence of the series Y na,z"" ! and > a,2" coincide.
Taking r € R and applying Lemma 3.4 for the series Y na,2""' we deduced that the
sequence of functions (D) given by

k
= g na,z"
n=1

is uniformly convergent on the convex set My, . The same Lemma shows that the sequence
of functions Sy given by

k
= E an2"
n=0

is uniformly convergent on M, .. Sincer Dy(z) = Si(z) for any £ > 1 and applying
Corollary 3.3 we deduce that the function S on M, ,

k [e%S)
= lim g = E an 2"
k—o0
n=0 n=0
11



is differentiable on M., and we have

k—o00 Z—00

2 € M, , = 5'(z) = lim (S(2)) = lim Dy(z) = Znanz"_l.
n=1

Corollary 3.6. If the series anA,’zzg_k 15 convergent, where
n=k

AY i =nn—-1)(n-2)...(n —k+1),k € N*,
then the function S(z) = > a,2™ is m-times differentiable on Mo, for any r < R and

n>0
o
m € N*,m < k and we have S™(z) = > a,Al'z"""™.
n=m
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STOCHASTIC LINEAR COMBINATIONS OF BROWNIAN MOTIONS
DAN CARAGHEORGHEOPOL AND DANIEL TUDOR

ABSTRACT. We construct a Brownian Motion from a finite linear combination of inde-
pendent Brownian Motions with stochastic coefficients.

Mathematics Subject Classification (2020): 60G65
Key words: brownian motion, stochastic differential equations

1. INTRODUCTION

In the present paper, we aim to present how to construct a Brownian Motion by writing
it as a linear combination of n independent Brownian Motions. We first present how to do
so when the coefficients are deterministic and then we extend this principle to stochastic
coefficients. In the present paper, we assume that the weights are fixed, and we are tasked
with ensuring the appropriate scaling. This idea will become clearer in the following
section.

Let us first briefly recall the defining properties of Brownian Motion. We shall also
recall two equivalent characterisations of Brownian Motion, which will come in handy later
on. The following definitions and theorems are based on [1].

Definition 1.1. A real-valued process (Bi)i>o is a Brownian Motion if
L] BO =0
e Forall0 <s<t, Bp— Bs~ N(0,t —s).
e Forall0 <ty <ty <--- <ty the increments B;, , — By, are independent.
e The mapping t — B, is continuous.

Checking all four conditions is often cumbersome, so two equivalent characterisations
of Brownian Motion can be given, one using Gaussian processes and one using quadratic
variation.

Definition 1.2 (Gaussian Process). A stochastic process { X;}i>0 is a Gaussian process if
for every finite collection of time points ty,ts, ..., t, € T and every ve€ R", >  v;X; is
normally distributed.

Remark 1.3. The distribution of a Gaussian process is uniquely determined by its mean
function and its covariance function.

Using the above remark we can completely characterise Brownian Motion. For a proof,
see [1].

Proposition 1.4. Brownian motion is a Gaussian process with mean function E B; = 0and
covariance function Cov(By, Bs) = min{t, s}.
13



The next equivalent description of Brownian Motion is based on the concept of quadratic
variation.

Definition 1.5 (Quadratic Variation). Let X = {X;}icjor) be a real-valued stochastic
process with continuous sample paths. For a partition m = {to,t1,...,t,} where 0 =ty <
t1 <---<t,="1T, define the quadratic variation along 7™ by

|
LN

n

Q" (X)r == (Xti+1 - Xti>2 :

7

Il
=)

We say that X has quadratic variation [X|; on [0,T] if there ezists an increasing, adapted
process {[X]i} e, such that

lim Q™(X); = [X]; in probability, for all t € [0,T],

[|7][—0
where ||| = maxo<i<n_1(tiv1 — t;) is the mesh size of the partition.

Theorem 1.6 (Lévy’s Characterization of Brownian Motion). If (By);>o is a continuous
martingale with By = 0 a.s and [B]; = t, then By is a Brownian Motion.

2. DETERMINISTIC COEFFICIENTS

Suppose we have B!, ..., B" independent Brownian Motions. Let us now fix oq,...,0, €
R with Y7, 07 > 0, i.e. not all zero coefficients. The following theorem describes how we
can construct a new Brownian Motion starting from B!,...,B" and oy,...,0,.

Theorem 2.1. Let

n

~ O .

B:=Y ————B"
= > o
=1 =19

Then B is a Brownian Motion.

Proof. Using linearity of expectation, we have that

as E(B}) = 0 for all i.
Furthermore, let us fix 0 < s < t. Then
14
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Since the Brownian motions are independent, we have E(B!BF) = E(B))E(BF) = 0 if
i # k and E(B'B}) = Cov(B’, B}) = s, using Proposition 1.4. Then, we obtain

Cov(B,, B,) = Z&E (BiBi) = Zo

J 1 J i=1 J 1 J i=1
Finally, it is easy to observe that B is a Gaussian process as a linear combination of
independent Gaussian processes. Therefore, B is a Gaussian process with the correct mean
and covariance functions, and by Proposition 1.4, B is a Brownian Motion.

3. STOCHASTIC COEFFICIENTS

Let us now extend the previous results to stochastic coefficients, in the following sense:
Let X' ..., X" be adapted process such that > | X? > 0 a.s. We shall see that the
previous scaling argument extends in the stochastic sense as well.

Theorem 3.1. Let
dB:

& X
_Z/ oL

Then B* is a Brownian Motion.
Proof. Let us first rewrite the above in the SDE sense.
B =3 N g
i=1 (/25 (X /)?

Each term X®dB' is a local martingale, since X; is adapted and locally square integrable,
and B’ is a Brownian motion. Therefore, the sum

> xtaw!
i=1
is also a local martingale. Since W* is defined as

aW* = X;dB",

15



and the prefactor is predictable and locally bounded , it follows that W* is a local
martingale.

Furthermore, using the property of (predictable) quadratic variation under stochastic
integration (i.e. It6’s isometry), we obtain that

2 p

(W" ) LU
(X
S NC

H->S H->S

848
||3||3

_ 2
DY
= dt.

Since for continouous local martingales, the predictable quadratic variation and quadratic
variation coincide, it follows that [B*]; = t. Therefore, by Lévy’s Characterization of
Brownian Motion, it follows that B* is a Brownian Motion.

0

4. CONCLUDING REMARKS

In the present paper, we extend the construction of Brownian Motion as a finite
linear combination of independent Brownian Motions with given weights to the stochastic
sense. To do so, we introduced the concept of quadratic variation and applied Lévy’s
Characterization of Brownian Motion. We note that under this extension, the construction
is now given as a stochastic integral along the paths of each of the initial Brownian Motions.

A natural extension to the current article would be to investigate what happens when
the Brownian Motions are not independent but correlated. We encourage the reader to
try this as an exercise in the deterministic case.
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COMPUTING SUMS OF SERIES USING MONTE CARLO METHODS
DANIEL CIUIU

ABSTRACT. In this paper we will compute sums of series using Monte Carlo methods.
We use some discrete probability distributions easy to simulate, and the sum of a given
series becomes the expectation of a random variable connected to one having the above
probability distribution.

‘We use this methodology to estimate the Euler—Mascheroni constant, and also for the
values of Riemann Zeta function. We compare also the values of Riemann Zeta function
with the existing computations in literature using other methods.

Mathematics Subject Classification (2010): 65C05, 11540.
Key words: Sum of series, Zeta function, Monte Carlo.

1. INTRODUCTION

Computations of sum of series are generaly made by computing the sum of first n terms with n large
enough. The distributions of zeroes of complex Zeta function

(1.1) (=Y —

ns
n=1

for 0 = Re s not too far from 0.5 and large t = I'm s [6].
Algorithms for computation of (¢ +i-t), t € [T, T+ \/T} are presented in [5]. There is presented

the error of computing ¢ (s) for s = 0 +i-¢ with o > 1 (hence convergent) using first n — 1 terms in (1.1)
and a term for ¢ = n. The formula uses also a sum of m terms using Bernoulli numbers as ¢ (s) for even
integer numbers s = 2k. Aplications to fast Fourier transform are also presented.

In [1] there is studied the order of I (T') in terms of T', where

12 1= [l (b i)
0

From the previous order I (T) ~ T'logT an estimation for any constants A and A’ such that A-T <
N < A’ - T is provided.

For complex values of s we can have ((s) = 0. It is shown that two fifths of the solutions of the
mentioned equation are on some critical line [3].

For even values of p = 2k we have [4]

Byl ery
2p!

(1.3) ¢(p) ;
2010 Mathematics Subject Classification. 65C05, 11540.
Key words and phrases. Sum of series, Zeta function, Monte Carlo.
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; . 1 _ 1 _ 1 1 _ 5 _ 691
where 7Bn are Berrglé)lglh numbigsSé7Bg = 3, B 71;1%—(1)1, Bg = i Bg = —301 By = 66” By = T 2730°
Biy =g, Bie = =319 Bis = S5, and Byo = — 535~

In fact the Bernoulli numbers are [4] the coefficients of Taylor series for f(z) = %5 in zero. The

only B,, with odd n different to zero is By = —3.

The computation of the integral

b
(1.4) / f(@)dz ~ B ((b—a) £ (U)),

where U is uniform on [a, b] is presented in [7].
In [2] there are presented the Gauss and generalized Gauss criteria for convergence.

2. METHODOLOGY

We consider now a sum of a convergent series

(2.1) > an,

n=0;1

where n = 0; 1 means that the sum can start from zero, as the geometric series, or from one as the value
of ¢(s) with s > 1. Consider also a discrete probability distribution p,, with n > 0 in the first case,
respectively n > 1 in the second case. The sum of the above series can be written as

a a
pnl = F (N> ,
W Pn PN

3

(2.1°) > an=

o0 o0
n=0;1 n=0
where N is a random variable with the distribution p, = P (N = n).
Therefore we simulate a large number, nrsim values of N with the above distribution, and we estimate
the sum of series as the average of % over nrsim simulations.

W . } N oan . o0, tiv o5 w
Generall e consider such lim Z” is real number different to zero. For positive series we use
n— o0 n

n+1
the Cauchy’s integral criterion, tacking p, proportional to p, = [ f(z)dz. If we know a primitive

of a generalization of f (n) = a, to R, we apply the proof of Maclaurin—Cauchy integral criterion for
convergence. We choose for finite nonzero limit of Z—"
n+1
z)dz
B ;{f() _ F(n+1)—-F(n)
[ f(z)dx s F () = F (1)
1
From the pliers theorem it follows that the limit of denominator is nonzero and finite. For instance,

in the case of ¢ (s) we consider p, = — — (nﬂﬁ The limit is

(2.2) Pn

1
— TNt 1-(1 1-s
a 7(11_") = lim —( +2) =s—1,
= x—0 x

(2.3) lim — = lim
n—oo n n—oo

applying L’Hopital.
18



For numerical methods for computing the values of ¢ (p) with p € N* we take into account that the
sequence from Raabe—Duhamel criterion

p
.mp—1 b p—i
(2.4) In_ 4 _(n+1)p_np_pn +§2<Z)n
. n P = np—1 = np—1 )

that tends to p for p — oco. Subtracting p from the above sequence, we obtain

n(an_l)_p:é(?)”p_i.

np—1

2.4
(2.47) P

Because f is decreasing, from the theorem of average of calculus the limit of the ratio between a,, and
the numerator of the above formula is between the limit pgé and one. This limit is one if the convergence

of > a, is proved using Raabe—Duhamel or Gauss/ generalized Gauss criterion (the limit £ 1 is one
n=0;1 n
and we apply the pliers theorem).
Analogously, considering # = -5, we obtain for v and p, = ﬁ
n —2?+(1—2z)ln(1- 1
(2.3) lim & = lim n+n(n+1)n(1- = lim 7 + (1~ z)In( x):—ﬂ
n—00 Oy, n— 00 n-+1 z—0 2 2

applying two times L’Hopital.

3. APPLICATIONS

Example 3.1. Estimate by Monte Carlo methods the value of v and the values of { (s) for s = 2,50.

Compute also ¢ (s) - % and compare with Bernoulli numbers.

The obtained value of + is simulating 10000 numbers with distribution p, =
0.5771868138. The real value of v = 0.577215664901532 according literature.
In Table 1 we present the values of ¢ (s) with even s between 2 and 20, and the values of the Bernoulli

number By = ( (s) * (22’;5)!5, with ¢ estimated by 10000 random variables with p,, = ﬁ — W

TABLE 1. The values of Riemann Zeta function for even s = 2,20

¢ (s) Mounte Carlo Bs Theoretical By
1.645066659 | 0.166804293788948 | 0.166666666666667
1.0838131054 | 0.0333830373046485 | 0.0333333333333333
1.0192322937 | 0.0237845319383226 | 0.0238095238095238
1.0060376439 | 0.0333333575944805 | 0.0333333333333333
1.0029699365 | 0.0757490572959003 | 0.0757575757575758
1.0022249563 | 0.25310181678411 0.253113553113553
14 | 1.0020409687 | 1.16656351067721 1.16666666666667
16 | 1.0019952127 | 7.09226491890203 7.0921568627451
18 | 1.0019837999 54.971387505557 54.9711779448622
20 | 1.0019809496 | 529.124746910903 529.124242424242
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For the odd values of s = 3,19 we consider only the values of ¢ (s) and of Mont Carlo B, obtained as
if the formula in even case was extended for odd values of s.

TABLE 2. The values of Riemann Zeta function for odd s = 3,1

¢ (s) Monte Carlo Bs
1.2028326653 | 0.0581897986834501
1.0387020649 | 0.0254567463273352
1.0102875797 | 0.0263418618330441
9 | 1.0039788915 | 0.0477418006757577
11 | 1.0024719051 | 0.132824861535873
13 | 1.002102152 | 0.524667324916443
15 | 1.0020104489 | 2.79064010801064
17 | 1.0019876025 | 19.2266268148464
19 | 1.0019818995 | 166.558574126496

| Y W|®»

We notice that Monte Carlo B, decreases on [2,6] and increases on [6, 20].
The graphics for all p = 2,50, even and all values of above p are represented in the following.

Graphics of Bernoulli B(p) for even p and ratio for odd p, with p=2:50

Graphics of Zeta(p) with p=2:50 BE~024
TE+024
170
6E+024
160
SE+024
150
= 4E+024
L 140 &
= 3E+024
& 130
2E+024
120
1E+024
110
0
.00 2 L 1 22 27 32 £ az
2 7 12 17 22 27 32 37 4z a7
P
P
a b
In Zeta(p), p=2:50 In B(p). p=2:50

In Zeta
o
N
]

In Zeta

FIGURE 1. Graphics for ¢ function and extended B, for all p = 2,50

Example 3.2. Estimate by Monte Carlo methods the value of v and the values of ¢ (s) for s € [1.1,2]
step 0.1, and for s € [1.01,1.1] step 0.01.

For these non-integer values of s we present the results in Table 3.
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TABLE 3. The values of Riemann Zeta function for s = 1.1, 2 step 0.1, and
for s = 1.01, 1.1 step 0.01

5 40 s 40

1.1 | 10.5916942096 | 1.01 | 100.6217690254
1.2 | 5.6099515134 | 1.02 | 50.5894477514
1.3 | 3.9256308327 | 1.03 33.903980985

1.4 | 3.1019583503 | 1.04 | 25.5799493349
1.5 | 2.6109553614 | 1.05 | 20.5733090301
1.6 | 2.297159635 1.06 17.279285413

1.7 | 2.0514324996 | 1.07 | 14.8596012203
1.8 | 1.8837005042 | 1.08 13.072495893

1.9 | 1.7450683503 | 1.09 | 11.6728804731
2 1.6430077884 1.1 10.5630294832

4. CONCLUSIONS

In [6] there are studied the values of Riemann Zeta functions for convergent, but not absolutely
convergent series Re s < 1. We have studied mainly in this article the values of ¢ (s) for real values s > 1.
The formulae for ¢ (s) = ( (o0 +i-t) from [5]. In [4] there are presented multiple ¢ values, where the

k

denominator n? becomes [] n;?* for computing ¢ (p1, ..., px) and we have my > mso > ... > my.
i=1
For numerical computation of ¢ (p) with p > 1 we take into account that the limit of the sequence in

(2.4") is zero. But if we multiply the sequence by n, the limit becomes ( g ) = p(pT_l). These limits

can be founded also for any p > 1, using L’Hopital. The above limit of ( g

of the number of steps for p = 2,50 from nsteps = 1001 for p = 2 to nsteps = 276008 for p = 24.
Therefore, for computing zeta function for p = 2,50 we put another stoping condition together with that
the term of (2.4’) is less than a given e (for instance e = 0.001). We can choose the additional condition
that nsteps <= 300000. We compare the results of this C' + + program with the results obtained by
another own C' + + program using Monte Carlo methods. The differences are between —6.205- 10~ and
2.681-1073.

For the series considered in this article we have considered the Raabe—Duhamel convergence criterion.

An open problem is how to choose p,, if the convergence criterion is Gauss/ generalized Gauss criterion
[2].

) involves an increasing
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THEOREMS AND MAZUR-ORLICZ THEOREM
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Abstract. Usually, when we say “Hahn-Banach Theorems”, we refer to two basic theorems of Functional
Analysis: the Hahn-Banach Theorem of existence, respectively, of extension of linear functionals dominated by
sublinear functionals. The “Mazur-Orlicz Theorem” is also a theorem of existence of linear functionals under
certain conditions. Classically, these theorems are formulated in the framework of vector spaces. In 2013, the
first author had the idea to find new theorems of this type, introducing new spaces, called interval-spaces
(abbreviated as i-spaces) and transcribing basic theorems of the classically Functional Analysis. (The considered
intervals are closed and contained in an arbitrary ordered real vector space.) Subsequently, the i-spaces and the
“morfisms” introduced on such spaces, for examples, the i-linear functionals and the i-linear operators were
studied by the three authors in several works, which falls under Interval Analysis. This is a branch of Functional
Analysis, which began in 1966, with a book written by R.E. Moore, but which had several important precursors
and contributors. We obtained some versions of the classical Hahn-Banach and Mazur-Orlicz theorems. The
considered morphisms are defined on i-spaces and take values either in R (the functional case) or in an arbitrary
Dedekind complete vector lattice (the operatorial case). So far, for some results of this type, the proofs have only
been sketched. In the present paper, these proofs for the operatorial case are presented in extenso. In the last
section, new applications of our Hahn-Banach existence type Theorem, in the operatorial case, with
supplementary convexity assumptions, are given.

Mathematics Subject Classification: Primary 65G40; Secondary 46A22.

Keywords: i-spaces, i-subspaces, i-linear functionals, i-linear operators, convexity assumptions.

1. Introduction

The following three results from Functional Analysis are well known: the Hahn-Banach
existence Theorem, the Mazur-Orlicz Theorem and its consequence, the Hahn-Banach
extension Theorem. We recall that the “spaces” that appear in these theorems are real “vector
spaces” and the “morphisms” are “(sub)linear functionals”.

Theorem 1. (Hahn-Banach Existence Theorem) Let E be an arbitrary vector space and
G < E a vector subspace. Let also s:G— R be a sublinear functional. Then there exists a

linear functional |:G — R such that l(v) < s(v) forall ve @G, thatis, [<s on G.

Theorem 2. (Mazur-Orlicz Existence Theorem) Let E, G and s:G—>R be as in the
previous result. Let also A be a nonempty arbitrary set and f:A—>R, g:A—>G two

arbitrary maps. Then the following are equivalent:
i) there exists a linear functional [:G — R, such that:
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1)I<s on G,
2) f(a)él(g(a)),foreach acA;

ii) the inequality ZAjf(aj)Ss(leg(aj)] holds for all finite subsets
J-l J=1

{al,a2,...,an} in A and 2, 20,...,4 20 in R, where neN' .

Theorem 3. (Hahn-Banach Extension Theorem) Let E and G be as in Theorem 1, and let
s:E—>R be a sublinear functional. Let also t:G—>R be a linear functional. Then the
following are equivalent:
i) there exists a linear functional [: E — R, such that:
a) [<s on E, and
b) l=t on G, that is, | is a linear extension of t,
ii) t<s on G.

We note that the Hahn-Banach and Mazur-Orlicz theorems, which have many applications,
consider linear functionals dominated in a certain sense by sublinear functionals. In 2013, at
the seventh Positivity conference [1], the first author had the idea to extend these results into
Interval Analysis. Interval Analysis, which began in 1966, with a book written by R.E. Moore
(but which had several important precursors and contributors) is a branch of Functional
Analysis which operates with intervals. In the literature of this field, intervals (which, in
general, are closed intervals of real numbers) are viewed as an extension of any value that
they contain, motivated by the fact that in many practical situations some values are known
with interval uncertainty. In our works, the intervals considered are closed intervals in ordered
real vector spaces. Starting from these ideas, in 2013, the first author introduced the interval-
spaces (abbreviated as i-spaces) and studied them in few papers (2015, 2016). So far we
studied the problem of the existence and extension of some i-linear functionals, this being
sometimes difficult, because the i-spaces are not vector spaces, since, for example, not every
interval has an opposite.

Thus, in [1, Theorem 3, Theorem 4 and Corollary 5], the previous Theorems 1, 2 and 3 were
generalized in Interval Analysis. In these new theorems, the “spaces” are “interval-spaces” (in
short, “i-spaces”) and the “morphisms” are “interval-(sub)linear functionals” (in short, “i-
(sub)linear functionals”).

Theorem 4. (The functional form of a Hahn-Banach Existence type Theorem in Interval
Analysis - see [1, Theorem 3)]) Let IE be an arbitrary i-space and IG C IE an i-subspace.

Let also s:1G—>R be an i-sublinear functional. Then there exists an i-linear functional
[:1G —> R such that Z([v])ﬁs([v]) for all [v] e lG, thatis, [<s on IG.

Theorem 5. (The functional form of a Mazur-Orlicz Existence type Theorem in Interval
Analysis - see [1, Theorem 4]) Let IE, IG and s:1G — R be as in the previous result. Let

also A be a nonempty arbitrary set and f: A—R, g: A—>IG two arbitrary maps. Then the

following are equivalent:
i) there exists an i-linear functional | :1G — R, such that:
1) I<s on IG;

2) f(a)Sl([g(a)]),for each ae A;
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ii) the inequality iﬂ,jf(aj)SS(é/l‘[g(aj)D holds for all finite subsets
j=1

j=t 7

{al,az,...,an} in A and 2, 20,...,4 20 in R, where neN' .

Theorem 6. (The functional form of a Hahn-Banach Extension type Theorem in Interval
Analysis - see [1, Corollary 5]) Let IE and IG be as in Theorem 4, and s:IE — R. Let also
t:1G — R be an i-linear functional. Then the following are equivalent:
i) there exists an i-linear functional | : IE — R, such that:
a) [<s on IE, and
b) =t on IG, that is, | is an i-linear extension of t;
ii) t<s on IG.

We mention that Theorem 4 applies to prove Theorem 5, which in turn applies to prove
Theorem 6.

The next step was to work with i-linear operators (with values in a Dedekind complete real
vector lattice F'). We obtained the following three results, as operatorial versions of
Theorems 4, 5 and 6, respectively.

Theorem 7. (The operatorial form of a Hahn-Banach Existence type Theorem in Interval
Analysis, for the case that the functions that appear take values in a Dedekind complete real
vector lattice — see, for example, [2, Theorem 5] or [4, Theorem 12]) Let IE be an i-space, IG
an i-subspace of IE, and F a Dedekind complete real vector lattice. For every i-sublinear
operator S :1G — F there exists an i-linear operator T :IE — F such that T<S on IG

(that is, T([v])SS([v]) for all [v] elG).

Theorem 8. (The operatorial form of a Mazur-Orlicz type Theorem in the Interval Analysis -
see, for example, [3, Theorem 5]) Let IE be an i-space, F a Dedekind complete real vector
lattice and S :IE — F an i-sublinear operator. Let also A be a nonempty arbitrary set and
f:A—>F, g:A— IE two arbitrary maps. Then the following are equivalent:
i) there exists an i-linear operator L:IE — F such that:
a) L<S on IE;

b) f(a)< L([g(a)]) for each a € 4;
ii) the inequality

2 Af (a)< S(gﬂi [g(ai)]j
i=1
holds for all finite subsets {al,...,an} ind and 2, 20,...,A, >0 in R, where ne N°.
(Note that we denote [ g(a,) ] only to remind that actually, g(«,) € IE is an interval in E.)

Theorem 9. (The operatorial form of a Hahn-Banach Extension type Theorem in the Interval
Analysis - see, for example, [2, Theorem 7] or [3, Corollary 6]) Let IE be an i-space,
1G c IE an i-subspace and F a Dedekind complete real vector lattice. Let also S :IE — F
an i-sublinear operator and T :1G—F an i-linear operator. Then the following are
equivalent:
i) there exists an i-linear operator L:IE — F such that:
a) L<S on IE, and
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b) L=T on IG, thatis, L is an i-linear extension of T.
ii) T<S on IG.

As these last three results appeared in our papers without proof or only with a sketch of the
proof, in this paper we aim to give these proofs for the operatorial form of Mazur-Orlicz type
Theorem and Hahn-Banach Extension type Theorem.

We mention that in the classical case of the extension of some linear operators between
(ordered) real vector spaces, the proofs used an auxiliary sublinear operator, which appear in
the so-called “The technique of the auxiliary sublinear operator”. This technique is a method
to prove the existence of a linear operator by using the Hahn-Banach Existence Theorem.

Actually the technique of the auxiliary sublinear operator has two steps (note that here, X
will be an arbitrary vector space and F a Dedekind complete real vector lattice):
1) construct a sublinear operator U : X — F;

2) apply the Hahn-Banach existence theorem obtaining a linear operator L: X — F
dominated by U (i.e., LU on X).

The technique of the auxiliary sublinear operator, due to V. Ptdk (1956), was used by him to
give a much simpler proof to an existence theorem known as the Mazur-Orlicz Theorem (see

[7D.
2. Preliminaries
Interval-spaces

“Interval Analysis” is a name of a book written by R.E. Moore in 1966 (see [6]), but also a
branch of mathematics which, according to R.E. Moore (see [12]), “appeared from the
observation that if we compute a number a and a rigorous bound b on the total error in a, as

an approximation to some unknown number x, such that |x—a| <b, then no matter how we
compute a and b, we certainly known that x lies in the interval [a—b, a+b]”. Generally,

Interval Analysis operates with closed intervals of real numbers, [a] = [Q,c_l ] with a<a inR.

More generally, we considered in [1], closed intervals in an arbitrary ordered real vector
space E. We call the set IE ={[x]=[§,)_c]| x<Xin E} the interval-set (in short, i-set)

associated to £. Of course E — [E because any a € E can be written as [a] = [a,a]. We will

call this interval a degenerate interval. We will call any interval [a]€IE\E a

nondegenerate interval.

The i-set IE becomes an interval-space (in short, i-space) if it is endowed with the
following algebraic operations:

1. the (Minkovski) addition, defined by [a]®[b]={x+y|xe[a] andy €[b]}, that s,
[a]@[b]=[g+g, c_1+l;} if [a]=[a,a]eIE and [b]z[é,g] elE;

2. the scalar multiplication with reals, defined by « -[a]= {ax | xela.a ]} , that is,
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a_[a]:{[ag,aa], ifaeR, a Zo,where [a]z[c_z,c?]e[E.

[aa,ag], ifaeR, a<0
Sometimes, we will denote «-[a] by «[a]. It is known that, endowed with these algebraic
operations, [E is not a (real) vector space. More precisely, (/E,® ) is a commutative monoid,
with the neutral (or identity) element 0 (0= [0,0] , sometimes also denoted by [0] ), but it is

not a group, because a nondegenerate closed interval has no inverse with respect to the
addition, that is, has no opposite. Indeed, by way of contradiction, suppose that for the order

interval [a]=[a.a] with a<a& in E, there exists an inverse [b]=[é,l;]. Hence
[g,a_]@[g,lﬂ:(}, that is, a+b=0 and @+b =0. Therefore, b=—a and b =-a. But

b<b implies that —a <—a or, equivalently, @ <a, which contradicts that a <a . We also
notice that the scalar multiplication in IE has the following properties:

a(Bla])=(aB)[a].if [a]€ IE and o, BeR; (1)

1- [a] [ ] for each[ ]GIE; (2)

a([a] [b]) ala]®alb],if [a], [p]€ IE and a eR; (3)
(a+p)a]=ala]® Bla],if [a] € IE and a, B R, with a3 >0. 4)

We also consider the subtraction in IE: [a]O[b]= [a]@(—[b]), where —[b]=(-1)-[p]. If
[a]=|a.a], then [a]O]a] =[—(c_z—c_z),47—g], that is, it is a symmetric interval. If a<a
(that is, [a] is a nondegenerate interval), then [a] © [a] # 0 and again we conclude that /E is

not a vector space.

We can consider the set O = {[—b,b]\ b>0,be E} of all symmetric intervals in /E. Then
[a]o[a] €O forall [a] e IE . Since if [a] is a degenerate interval, then [a]©[a]=0€ O, we
call the set O the null set of IE. We will denote by [0] its generic element (that is, for each
[0]€ O, there exists [a]elE, with [o]=[a]O©[a]). Obviously O is closed under the

algebraic operations on /E.

Because we want to compare intervals, we need to consider an order relation in /E. We will
choose the so-called weak order that is:

if[a]z[ ]and [bb}eIE then[ ] [b]@gﬁlg and g <b .
Endowed with this order relation, the i-space /E becomes an ordered interval-space (in short,
an ordered i-space), that is, for any [x] , [ y] , [z] elE:

1. [x]<[y] implies [x]®[z]<[y]®[z]:

2. For any scalar o >0, [x]<[y] implies o -[x]<ea[y].

An interval-subspace of IE or, in short, an i-subspace of IE, is a nonempty set /G of IE,
closed under the algebraic operations (this meaning that for any [u], [v]€ /G and « R, we

have [u]®[v]eIG and a[u]elG). Obviously 0=[0,0]€ /G (because for any [u]e IG,
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taking o =0, it follows that 0=0-[u]e IG ). Moreover, for all [a]e IG, [a]O[a]eIGNO,
that is, /GO is a nonempty set. So, using the null set O of IE, we can define the null part
O,; of IG as being the set /[GNO. It follows that O, = {[a]@[a], [a]e IG} .

The morphisms defined on interval-spaces

It 1s known that in the vector space setting (or, equivalently, the linear spaces setting), the
“mophisms” are (sub)linear functionals and (sub)linear operators. The first author extended
these notions in the interval-space setting (see [1]).

If IE is an i-space, and /G is an i-subspace of [E, we say (see [1]) that a real-valued
f:1G — R is an interval-linear functional (in short, i-linear functional) if:

L f(x]®e[»])=r(x])+f([¥]) for all [x],[y]€lG (thatis, f is an interval-
additive functional, or in short, an i-additive functional);
2. f(a[x])=af([x]) for all [x]elG and aeR (that is, f is an interval-

homogeneous functional, or in short, an i-homogeneous functional).

Remark 1. (Properties of an i-linear functional)
a) If f:1G — Ris an i-linear functional and [0]€ O, then f ([o]) =0. (Indeed, if

[0] = [—a,a] , then [0] = [—0] and thus f([o]) = f((—l)-[o]) = —f([o]), that is, f([o]) =0.)
b) If f:IG—>R is an ilinear functional, and [a]€lG,[0]€O,, then
f([a]®[0])= f([a]). (Obviously, this results from “a)”.)

If [IEis an i-space and /G is an i-subspace of [E, we say that a real-valued function
s :1G — R is an interval-sublinear functional (in short, an i-sublinear functional) if:

D s([x]®[y])<s([x])+s([»]) for all [x],[y]€IG (thatis, s is an i-subadditive

functional);
2) s(a[x])=as([x]) forall [x]e /G and >0 (thatis, s is an i-positively

homogeneous functional);

3) s([x]®[o])=s([x]) forall [x]€IG and [0]€O;.

Remark 2. Note that we assume “3)” for an i-sublinear functional since any i-linear
functional (that checks “b)” from Remark 1) must be an i-sublinear functional.

Remark 3. (Properties of an i-sublinear functional) Let /G be an i-subspace of an i-space /E
([G clE ) . Let also s:/G — R be an i-sublinear functional. Then:

a) s([o]) =0 forall [0o] € Oy;;
b) s(O-[a]) =0 forall [a] e IG.

If IE is an i-space, /G is an i-subspace of /E and F'is a Dedekind complete vector lattice, an
operator L:IG — F is called an interval-linear operator or, in short, an i-linear operator, if
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a) L([a]®[b])=L([a])+L([p]) for all [a],[b]eIG (that is, L is an i-additive
operator);
b) L(a[a]):aL([a]) for all [a]€IG and a eR (that is, L is an i-homogeneous

operator).

Remark 4. (Properties of an i-linear operator) If L:/G — F is an i-linear operator, then:
1) L([0])=0 forall [0] € Oy;

2) L([x]®[o])=L([x]) forall [x]€IG and [0]€O,;.

If IE is an i-space, /G is an i-subspace of [E and F'is a Dedekind complete vector lattice, an
operator S:IG — F is called an interval-sublinear operator or, in short, an i-sublinear
operator, if

a) S([x]@®[y])<S([x])+S([¥]) forall [x],[y]€IG (thatis, S is an i-subadditive
operator);

b) S(a[x])=aS([x]) for all [x]e/G and a>0 (that is, S is an i-positively

homogeneous operator);
c) S([x] @ [0]) = S([x]) forall [x]€IG and [0]€Oy;.

Remark 5. Notice that we assume “c)” for an i-sublinear operator since any i-linear operator,
which obviously is an i-sublinear operator, satisfies “2)”, from Remark 4.

Remark 6. (Properties of an i-sublinear operator) Let S:/G — F be an i-sublinear operator.
Then:

d) S([o])=0 forall [o]€O;
e) $(0-[a])=0 forall [a]e IG.

3. Main part

In this part we will prove Theorem 8 and Theorem 9. We mention that as Theorem 4 applies
to prove Theorem 5, which in turn applies to prove Theorem 6, so too Theorem 7 applies to
prove Theorem 8 to which in turn applies to prove Theorem 9.

Let's recall the statements of Theorem 7 and Theorem 8.

Theorem 7. (The operatorial form of a Hahn-Banach Existence Theorem in Interval Analysis,
for the case that the functions that appear take values in a Dedekind complete real vector
lattice — see, for example, [2, Theorem 5] or [4, Theorem 12]) Let IE be an i-space, IG an i-
subspace of IE, and F a Dedekind complete real vector lattice. For every i-sublinear
operator S :1G — F there exists an i-linear operator T :IE — F such that T<S on IG

(that is, T([v])SS([v]) forall [v]€ IG).

For the proof, see [4, Theorem 12]. Regarding the proof of the next result, we mention that in
[4] only a sketch is given. In this paper, we will give the complete proof. The proof does not
follow as in the classical case in Functional Analysis (the case when the “spaces” that appear
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are vector spaces) because the “spaces” in Theorem 7 are interval-spaces, which are not
vector spaces, since, for example, not every interval has an opposite.

In what follows, £ will be an arbitrary ordered real vector space and F' will be an arbitrary
Dedekind complete real vector lattice. For the proof of the following result, we will add a
smallest element (—0) to the Dedekind complete vector lattice /', obtaining £ U {—OO}. This
is among those mathematical constructs that are certainly very useful. We came across this
technique, for example, in Walter Rudin's popular book, that is, the Analysis Course which he
taught to first year graduate students at the University of Wisconsin since 1962 — see for
example [8]. The first author of this paper also used this technique of widening a Dedekind
complete real vector lattice with a “largest” element and, respectively, a “smallest” element in
her book titled Some techniques for the existence and the extension of linear operators - see in
[5], pp. 17-18, and also chapter 2 in its part dedicated to the problems concerning the
extension of a (positive) linear operator and the existence of a linear operator. Of course, if we
are working with the symbol —o, we need to be familiar with the calculation rules. For

example, (—o0)+y=—o0 for any y in F. The calculation conventions in F U {0} are the

same as those in RU{—o0}.

Theorem 8. (The operatorial form of a Mazur-Orlicz type Theorem in the i-space setting -
see, for example, [3, Theorem 5]) Let IE be an i-space, IG an i-subspace of IE, F a
Dedekind complete real vector lattice and S :1G — F an i-sublinear operator. Let also A be
a nonempty arbitrary set and f:A—F, g: A— IG two arbitrary maps. Then the following

are equivalent:
i) there exists an i-linear operator L:I1G — F such that:
a) L<S on IG;

b) f(a)<L([g(a)]) foreach ae 4;
ii) the inequality
2Aif(ai)£ S(éﬂi [g(ai)])
holds for all finite subsets {al,...j;zn} ind and 4 >0,..,A,>0in R, where ne N’
(Note that we denote [ g(a,)] only to remind that actually, g(a,) € IG is an interval in E )

Proof. “i)y=ii)” is obvious. Indeed since L 1is an i-linear operator and L <, it follows
that:

éz,f(a,,) < iZ::/liL([g(ai)]) _ L(é—)lii [g(ai)]j < s(éz,, [g(ai)]j.

«if) = 1) First we will prove that “ii) = i) a)”, by using the technique of the auxiliary i-
sublinear operator. Just as we described how this technique works in the category of vector
spaces (see Introduction), this technique also works — mutatis mutandis - in the category of i-
spaces. Let’s define the auxiliary i-sublinear operator t:1G — F.

£([x]) =inf{s([x]@[§%_1/1j [g(ajﬂ)]—gljf(aj)

nelN’, a,...a, €4, A4, 20,.,4 >201in ]R}
(%)
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Stepl. We will show that ¢ is well-defined.
Using (i1) and that § is an i-sublinear operator, it follows:

gijf(aj)(gS(lél 4 [g(aj )D - S(,él 4 [g(aj )}@[0])
-5( &2 [ele)]ob1ob | <s{11e( 84 [e(a)] |+ (-1,

(In the above, we have chosen [o]e O, given by [o]=[v]O[v].)

S =s(01e(84 [x(0)]) -2 (a)

Then, the set considered in the right side of the equality (5) is lower bounded in F, and
therefore there exists its infimum.

Consequently,

Step 2. t is an i-sublinear operator.
2.1. Firstly, ¢ is an i-subadditive operator. Indeed:

(m]ew])= mf(S([vl](-B[vz](-D(éﬂj[g(aj)]jj—zn:ljf(aj)}

2,20 =l
“/iA
j=Ln

1o )<[ (110 ( 1 [ela)]) |- S (e)
{S([vz]@(évj[g(aj)]j)—;vjf(aj)j.

(Were for any j = 1,n we took #;20, v, >0 suchthat A, = 1, +v; and we used that S is an

hence

i-sublinear operator.) By taking the infimum in the right side of the last inequality, it follows:

t([v,]@[vZ]) < t([v]])+t([v2]).
2.2. Now we will prove that t(a [v])= at([v]) forall & >0 and [v]e IG. Using that

S is an i-sublinear operator, we have:

f(Of[V])ﬂQNﬁ[S(a[V]@(é% [g(a,-)]j]—iz,-f(ajﬂ

2;20 J=l
ajeA

Jj=l,n

- s{09( 2Lt )] |-52 10

A;20
aeA
/ln

g (o(119 el )

2;20
a_/eA
Jj=ln
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A _
(We denoted u, =—= forall j=1,n.)
a

2.3. It remains to prove that ¢([v]®[o])=¢([v]) forall [v]€ IG and [0o]€ O,;. But

using again that S is an i-sublinear operator, it follows:

(B]efo]) - mf[s[[v]@[ Jo( 82 (o)) £ (s)

( (110( & [e(a)])}- £ (0) |10

Jj=Ln
Thus we have shown that ¢ is an i-sublinear operator. Then by applying our Hahn-Banach
Existence type Theorem for i-space setting (see Theorem 7 above) we deduce that there exists

an i-linear operator L:I/G— F such that L<t on IG (that is, L([x])ﬁt([x]) for all
[x]€ IG). By using the definition of ¢ (see (5)), and taking A, =0 for all j=1,2,...,n, it
follows that t([x]) < S([x]) for all [x]eIG, and then L<S on IG. Hence we prove that
“liH=i)a)”.

Now we will prove that “ii) =) ) ”. We have to prove that f < L([ g ]) foralla e A.

We will use the inequalities L <¢ and ¢ < .S, and the fact that L is an i-linear operator. Then
for all a € A4, it follows:

~L([g(a)])=L(-[g(a)])<t(-g(a ])SS ([e(a)]@(-[2(a)]))-
=5([g(a)]olg(a)])~s(a)=5([o])~ 1 (a) =~/ (a).

(We apply that S is an i-sublinear operator and, consequently, S ([0]) =0, for all [0] €O;
herewetake [g ]@[g ] ) Hence f <L([g }) forall a e 4. ]

Remark 7. Note that in the previous theorem, A4 is a nonempty arbitrary set and thus we can
include the case where A is a set of intervals. (Of course, in this case, we have to make a

slight correction in this theorem. So, we will put [a j] instead of a;, and if more, 4 < /G and

g 1s the inclusion, then [g( 1)} and f ( ) becomes [aj] and f ([a]}), respectively.).

Then the resulted Mazur-Orlicz type Theorem can be viewed as a generalization of the
following Hahn-Banach type Theorem.

Theorem 9. (The operatorial form of a Hahn-Banach Extension type Theorem in the i-space
setting - see, for example, [2, Theorem 7] or [3, Corollary 6]) Let IE be an i-space, 1G < IE
an i-subspace and F a Dedekind complete real vector lattice. Let also S:IE—F an i-
sublinear operator and T : IG — F an i-linear operator. Then the following are equivalent:
i) there exists an i-linear operator L:IE — F such that:
a) L<S on IE, and
b) L=T on IG, thatis, L is an i-linear extension of T.

ii) T<S on IG.
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4. An Application with Convexity Assumption in Interval Analysis

In this part we will give a consequence of our Hahn-Banach Existence Theorem (see Theorem
7)in the setting of interval-spaces. This consequence generalizes [1, Theorem 7] which is
inspired by S. Simons' ideas (see [9]) to introduce some convexity hypotheses into the
category of vector spaces. Of course, we will start by introducing similar hypotheses into the
category of i-spaces.

We consider an i-space /E, a Dedekind complete real vector lattice F, an i-sublinear operator
S:IE — F', a nonempty convex subset K of an interval space /H (with H an arbitrary ordered
vector space) and two arbitrary maps g:K —/E and f:K —>F. (A subset K IH is

called a convex set if a[a]®(1-a)[b]eK forall [a], [p]eK and a €(0,1)).

a) We say that g is a S-convex map, (in short, g is S-convex) if
s(1x10 ] e(alad@(-a)b)])<s(xloal¢ (a8 (1-a) 2(5])]).
for all [x] e lE, [a], [b] eK and o € (0,1).
Here we wrote, for example, [g(a [a]®(1 —a)[b])] instead of g(a[a]®(1-a)[b]) only to
remind that g(a [4] (-B(l—a)[b]) is an ordered interval in E .

Note that the previous inequality can also be written in a simpler form if we introduce in /E
the following order:

[l = S([x]@[u]) < s([x]e[v]).
for all [x] € IE . Indeed, g is a S-convex map if and only if

[s(ala]e-a)p)]sals(la])]@0-a) (2]

Any i-linear operator is clearly S-convex.
b) We say that 1 is an interval-convex operator (in short, an i-convex operator) if

/(ala]®(1-a)p])<af([a])+(1-a) /([2]).

for all [a], [b] eK and a E(O,l).

Proposition 10. (see [1, Proposition 6], which is in the line of [9, Lemma 1.4]) Let IE be an
i-space and S :IE — F an i-sublinear operator. Let also K be a nonempty convex subset of
an interval-space, g:K — IE a S-convex map and [ :K — F an arbitrary i-convex

operator. Suppose that the following infimum A = in]t;(f[a] + S([g([a])])) exists in F . For
all [x] € IE, define T:IE — F by:

7([x])= jnt (([x] @[ 2 ([a]) )+ s ([a]) o). ©)

a>0

Then:
1. T is well-defined,
2. T is an i-sublinear operator;

3. T([x])<S([x]) for all [x] € IE;
4. —T(—[g([a])])+f([a])21 for all [a]eK.
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We note that the proof of this result is very technical. (Keep in mind that we are in the
category of i-spaces that are not vector spaces.)

Remark 8. In the previous result, K is a (nonempty) convex subset of an interval-space IH .
Remark that the proof also works for K a convex subset of an arbitrary vector space, that is,

K is such that aa®(1-a)be K forall a,beK and a e (0,1). Of course, in this case we

will say that g: K — [E is a S-convex map (S : [E — F being an i-sublinear operator) if:
S([x]®[ g(aa+(1-a)b) )< S([x]®alg(a)]®(1-a) 2(b)])

for all [x] elE,a,beK and o € (0,1). Recall that /: K — F is convex, if for all a, be K

and o € (0,1) it follows that

f(aa+(1-a)b)<af(a)+(1-a)f(b).

Remark 9. Then Proposition 10 is valid with a slight modification: put a instead of [a] and

therefore A = %lrellt;(f(a)+s([g(a)])) and (6) becomes:
T([x])=inf(S([x]®a[g(a)])+as(a)-a)

a>0

for all [x] e lE.

Theorem 11. (see [1, Theorem 7], which is in the line of [9, Theorem 1.5]) Let IE be an i-
space and S:IE — F an i-sublinear operator. Let also K be a nonempty convex subset of an
i-space, g:K —IE a S -convex map and f :K — F an i-convex operator. Then there exists

an i-linear operator L:IE — F such that:
a) L<S on IE;

) jnt (7 () +£([=((a])]))=in (£ ([a]) + $([([D)]) ™

(Note that we wrote [ g([a])] instead of g ([a]) , to remind that g ([a]) is an order interval.)

Proof. As I mentioned earlier in this work, we will add a smallest element (—0) to the
Dedekind complete vector lattice F', obtaining F u{—oo}. We will use the technique of the

auxiliary i-sublinear operator. Denote A = inf (f([a])+S([g([a])])) e Fu{—o}. We

[alek
consider two cases.
Case 1. A =—,
Step 1. Apply the operatorial form of our Hahn-Banach existence type Theorem in the
Interval Analysis, that is, Theorem 7 for /G = [E. Then take any i-linear operator
L:IE — F suchthat L<S on /E.

Step 2. For all [a] € K it follows that

f([a])+L([g([a])])Sf([a])+S<[g([a])]) and hence,
int (£ () + ([ ([])])) < A=,

that is, the equality (7) holds.
Case 2. LeR.
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Step 1. Apply Theorem 7 for IG = IE and T instead for S, with T from Proposition 10,

that is,
7([x])= jnt (S ([x] @[ 2 ([a]) )+ ([a]) o

for all [x] e IE (see (6)).

Then take any i-linear functional L on /E such L <T on [E. (There exists at least one such
L according to Theorem 7.) But 7' <.S on [E and therefore L < S on /E.

Step 2. Taking any [a] € K, using the i-linearity of L, the inequality L<T on IE
and “4.” from Proposition 10, it follows:

([ ((al)]) s ([el) =~2(-Le(Cal)]) s (al) =7 (L ((al)]) s () =2

The converse inequality is also true, since L < S on /E, and hence:

int (7 () + L[ (D))< jot (7 (D) + S ([ ()])) =2

for all [a]eK. -

Remark 10. We can make the same observation as in the Remark 8 after Proposition 10,
about the fact that Theorem 11 still working when K is an arbitrary convex subset of a vector

space, g is S-convex, f'is a convex operator, and the interval [a] is replaced by an element

a € K. More precisely, (7) becomes:
it (@ L(e(@)])) = jnt (1 (a)+ 5 ([e()]))

(Note again that we wrote [ g (a)] instead of g (a) to recall that g(a) is an interval in E.)

Remark 11. If in Theorem 11 we take K =G (an i-subspace of /E), g the inclusion of /G
in JE and f:K —F the null function (that is, f([a])=0, for all [a] € IG), then we obtain

the following result.

Corollary 12. Let IE be an arbitrary i-space, S:IE—F an i-sublinear operator,
K =1G c IE an i-subspace and g the inclusion of K in IE.

Then there exists an i-linear operator L:IE — F such that:
a) L<S on IE;

b) inf L(|a|)=inf S(|al).

) [a]el( ([ ]) [a]eK ([ ])

Proof. We will apply the Remark 11, mentioning that, obviously, f =0 is i-convex and the
inclusion g is S-convex. Indeed, the inequality

S((x1®[g(elde-a)e])])<s([x]@alg([a]) |@(1-a) «([5])])

is satisfied with equality for all [x]e IE, [a],[b]€ K and a €(0,1). n
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THE NUMBER OF DYCK-TYPE LATTICE PATHS
AND RELATED SEQUENCES

MARILENA JIANU AND LEONARD DAUS

ABSTRACT. The first two coefficients of the reliability polynomial of hammock networks
can be calculated by counting the Dyck-type lattice paths (lattice paths with steps of the
form (1,1) and (1,—1)), restricted in a strip along the z-axis. In this paper, we study a
different, but related problem: the number of unconfined Dyck-type lattice paths. This
approach gives rise to a more general problem, leading to an unexpected relation with
Vieta-Fibonacci polynomials.

Mathematics Subject Classification (2010): 05C30, 05C81, 11B37, 11B39, 94C15
Key words: Dyck-type lattice paths, linear recurrence, random walks on path graph,
Vieta-Fibonacci polynomials.

1. INTRODUCTION

A lattice path in Z? with steps in a set S C Z? is a sequence of points vy, vy, ..., v, € Z>
such that each consecutive difference v; — v;_; lies in S [16]. Dyck paths are defined as
lattice paths with steps in S = {(1,1), (1,—1)}, joining the origin to the point (2n,0)
and never passing below the z-axis (or, equivalently, as lattice paths with steps in
S ={(1,0),(0,1)}, joining the origin to the point (n,n) and never passing below the line
y = x). A classical result states that the number of Dyck paths is equal to the Catalan
number: C,, = %H(Qg) (see for instance [17], Theorem 1.5.1). More general, a Catalan
triangle (a triangular sequence {7}, 1 },>k>0 containing the Catalan numbers) is obtained
by counting the brick-wall lattice paths - with steps (1,0), (0,1) and (0, —1) (see [8]).

The lattice paths with steps in S = {(1,1),(1,—1)} starting on the y-axis and never
passing below the z-axis are called Dyck-type lattice paths.

Lattice paths enumeration has lots of applications, one of them being related to the
computation of the reliability polynomial of networks. Introduced by Moore and Shannon
in [14], the hammock networks are regular, robust networks which can be represented
by means of probabilistic graphs (see [7] for a detailed presentation). In spite of their
regularity, the exact computation of the reliability polynomial of hammock networks of
large dimensions is a difficult task. But it can be approximated by various methods
involving beta distribution [1], cubic splines [2], Delta-Wye transformations [12], Hermite
interpolation polynomial [6] or Markov chains [10]. The full Hermite polynomial provides
an accurate approximation if the first two coefficients of the reliability polynomial are
known. For a hammock network of length [ and width w, the first two coefficients of the
reliability polynomial can be calculated by counting the Dyck-type lattice paths of length

[, never passing above the line y = w [5]. These lattice paths are said to be confined
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Dyck-type lattice paths and some of their properties are studied in [11], where recurrence
relations, as well as explicit expressions are established.

The recurrent computing process plays an important role in applied mathematics, having
numerous applications in various domains (see, for instance [3, 4]). In this paper, we
study the number of unconfined Dyck-type lattice paths using also the recurrence relations.
Moreover, using arbitrary sequences instead of the number of lattice paths, we create a
general frame which involves the Vieta-Fibonacci polynomials.

2. THE MAIN RESULTS

Let n; ; denote the number of Dyck-type lattice paths of length j starting at the point
(0,7). For j =0, we set ng; = 1, for every ¢ > 0. Since n;; can be also seen as the number
of Dyck-type lattice paths starting at any point on the (positive) y-axis and ending up at
the point (j,7), for every j > 1 one can write:

) it gy ifi>1
(2.1) Nij = { nij-1 ifi=0

Based on this recurrence, the following theorem can be proved (by mathematical
induction on j =0,1,...):

Theorem 2.1. The number n; ; of Dyck-type lattice paths of length j, starting at the point
(0,4) is given by the formula

),
(2.2) i = %:'J (‘;) for all i, j > 0.
| 5

Remark 2.2. As noted in [11], the number of Dyck-type lattice paths of length j starting
at the point (0,4) and restricted below the line y = w is equal to the number of random
walks of length j, starting at the node ¢ = 0,1, ..., w on the path graph P, ;. Similarly,
the number of unconfined Dyck-type lattice paths of length j starting at the point (0,1%) is
equal to the number of random walks of length j, starting at the node ¢ = 0,1, ... on the
infinite path graph P.

Remark 2.3. If i > j then a lattice path of length j starting at (0,7) can never pass
below the z-axis, so we have

(2.3) ni; =2, for all i > j.

Thus, for fixed values of the length j, every sequence {n; ;}i>o becomes constant for
¢ > j. This can be noticed in Table 1, which gives the first terms of the infinite matrix
{nij}ij>0. The triangular sequence {n; ; }o<i<; (the boldfaced numbers) corresponds to the
sequence A375659 (introduced by the first author in the On-line Encyclopedia of Integer
Sequences (OEIS) [15]), while the infinite matrix {n; ;}; j>o is the sequence A368175 in

OEIS.
38



Remark 2.4. We say that a lattice point (x,y) is even if x + y = 0 (mod 2) and,
respectively, odd if x+y =1 (mod 2). We notice that all the points of a Dyck-type lattice
path have the same parity, so we have two kinds of these paths: odd and even. In Table 1,
the numbers of odd lattice paths are in black, while the number of even lattice paths are
in red. By this “chess-board” appearance of the matrix we emphasize that computing the
number odd / even lattice paths are two independent tasks. Moreover, it can be proved
that the number of even lattice paths n; ; (with i+j =0 (mod 2)) is obtained by doubling
the number of odd lattice paths n; ;.

4 5 6 7 8 9

6 10 20 35 70 126
10 20 35 70 126 252
14 25 50 91 182 336
15 30 56 112 210 420
16 31 62 119 238 456
16 32 63 126 246 492
16 32 64 127 254 501
16 32 64 128 255 510
16 32 64 128 256 511
16 32 64 128 256 512

.
_—
.

O 00O Ul N O

N i e e e i i el ) =)
S NN NN NN NN N
E SN N S S SN SN UU I (1 V)
- 00 OO 00O 0O 0O 0O W J O W W

TABLE 1. The numbers n;;, 7,7 > 0

The first row of the infinite matrix in Table 1 is the sequence of central binomial
coefficients, recorded in OEIS as the sequence A001405:

(2.4) a; ::no,j:(tgj),jzo,y..,

2

with the subsequences A001700 (odd-ranked terms) and A000984 (even-ranked terms).
The second row is the same sequence, left-shifted: n;; = a;41, for all 7 =0,1,....
We prove that all the numbers n; ; can be written in terms of the central binomial
coefficients (2.4). Thus, by (2.1), the sequence on the third row can be obtained as

7127]‘ = 7117]'_;,_1 — 7107]‘ = Clj+2 — aj,] = O, 1, ey

recorded as A026010 in OEIS, with the subsequences A024482 (odd-ranked terms) and
A051924 (even-ranked terms).
Finally, the fourth row of the matrix contains the sequence

ngj = MN2j+1 — N1j = Gjp2 — Qajaj = 07 17 ceey

recorded as A026023 in OEIS, with the subsequences A162551 (odd-ranked terms) and

A001791 (even-ranked terms).
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The other rows in Table 1 are not recorded (yet) in OEIS. Using (2.1), we can write the
first lines in terms of the sequence {a;} defined by (2.4):

No,j = @

Nij = aj+1

N2 = Gj+2 — &
n3j = Q13 = 2041
N4j = Qjyq — 3@j+2 + Q;

N5 j; = Q45 — 4Clj+3 + 36Lj+1

Ne,j = Qj4+6 — 5(lj+4 + 6aj+2 —aj

The next result can be proved by induction on i:

Theorem 2.5.

(2.5) nig =Y (-1 (2 ; k) (ij—on

k=0
By the relations (2.3), (2.4) and (2.5), the next corollary follows.
Corollary 2.6. For every i1 > j > 0 the following identity holds:

s () -

We remark in relation (2.5) that the coefficients (—1)* (Z;k) of a;1j_o are the coefficients
of the Vieta-Fibonacci polynomials Vi1 (z) introduced in [9], the alternating-sign version
of the “classical” Fibonacci polynomials F,,(x) (see [13]). In what follows we give a short
presentation (and comparison) of these polynomial sequences.

The explicit expressions of the Fibonacci and Vieta-Fibonacci polynomials are as follows:

L2
—k—1

= Z <n f )x”_%_l, forn > 1, Fy(x) =0,

k=0

(2.7) F,.(x)

(2.8) Va(z) = Z (—1)* <n a Z B 1) "7k for n > 1, Vi(x) =0,

k=0
and their generating functions are:

¢ ¢

Fyo)f" = — Vi)t = —
> Ful@) 1— 2t — 2 > Val@) 1—at+ 2
n>0 n>0

The recurrence relations and the first terms of the two polynomial sequences are listed

below:
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Fo(z) =aF,_1(z) + Fh—a(x) Vo(z) = 2Vq(x) — Vo(z), n > 2
Fi(x)=1 Vi(z) =1

Fy(z)==x Vo(z) =2

Fi(z)=2*+1 Va(x) =2 -1

Fy(z) =23 + 2z Vi(z) =23 — 2z

Fs(z) =2+ 327 +1 Vs(z) =2* — 322 + 1

Fs(z) = 2° 4+ 42® + 3z Vo(z) = 2 — 423 + 3z

Fr(z) = 2% 4 52* 4+ 627 + 1 Vi(z) = 2® — 5ot 4+ 622 — 1

We also note the relationship between Vieta-Fibonacci polynomials and Chebyshev
polynomials of the second kind U, (x):
Vn+1($) = Un (§) ,n Z 1.

2

Finally, we take a better look to the infinite matrix {n; ;}; j>o which can be defined
starting from any initial sequence a; and using (2.5). We remark that if we take a; = 27,
7 =0,1,..., then we obtain on the first column of the matrix the sequence of Vieta-
Fibonacci, and each column of the matrix is equal to the previous one multiplied by .
Thus, we have in this case (see Table 2):

N () = 2/ Viga ().

i\j 0 1 2 3 4

0 1 T 22 z3 x?

1 x x? 3 x? x°

2 x?—1 -z 2t — 2? x® — a3 28 — 2?

3 x® — 2z xt — 222 x® — 223 28 — 224 x’ — 220

4 |a*=3224+1 25 =322 +2 25—-32* +2% 27 —32° + 23 2% — 320 4+ 2

TABLE 2. The matrix {n; ;j(z)} defined by the sequence a; = a7.

Another possible choice for a; is

j . . .
(2.9) o :{ x?, if 7 is odd

y?, if j is even
In this case, the expression of n; ;(x,y) is:
N5 (.I’, y) = {

and the “chess-board appearance” can be also remarked in Table 3.
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i\j 0 | 2 3 4

0 1 T y? x> Yy

1 T y2 $3 y4 $5

2 y2_1 x3_I y4_y2 .T5—£L'3 yﬁ_y4

3 % — 2 yt — 2y? x® — 223 yS — 24 " — 229

4 |yt =32 +1 2 -33+ax 0 -3yt +9? 2" 325+ 23 -3yl 4+t

TABLE 3. The matrix {n;;(z,y)} defined by the sequence (2.9)

3. OTHER REMARKS

It can be easily noticed (see also Remark 2.3) that the main diagonal of the infinite
matrix in Table 1, as well as the diagonals below it, are made up of powers of 2: thus, for
any fixed s > 0, we have nj . =25 k=0,1,....

Looking at the diagonals above the main diagonal, {ng_s s }x>s, we remark some impor-
tant sequences for s = 1,...,6 (see Table 4).

c—lceX s np_gp, k> s OEIS Formula Remarks
11,3,7, 15,31, ... A000225 2¥ —1 Mersenne numbers for k prime
22,6, 14, 30, 62, ... A000918 2¥ —2 Number of surjections from a k-element set onto a 2-element set
33,10, 25, 56, 119, ... A000247 2% — k — 2 Number of partitions of a (k + 1)-element set in two sets of
cardinality at least 2
4 6, 20, 50, 112, 238, ... A052515 2* — 2k —2 Number of ordered partitions of a k-element set in two
sets of cardinality at least 2
510, 35, 91, 210, 456, ... A272352 2F —1— (¥1?)
6 20, 70, 182, 420, 912, ... A052516 2~ —2—2("11)
TABLE 4. The diagonals {ng_s }x>s of the infinite matrix in Table 1.

Remark 3.1. The sequences on the even diagonals, {ny—_o }x>2,, give the number of
ways to put k labeled balls in 2 labeled boxes such that each box contains at least r balls
(the number of ordered partitions of a k-element set in two sets of cardinality at least r):

On the odd diagonals we have nj_g, 411 = %nkﬂ_gﬁkﬂ, expressing the number of ways
to put £ + 1 labeled balls in 2 indistinguishable boxes such that each box contains at least

r balls (that is, the number of partitions of a (k + 1)-element set in two sets of cardinality
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at least r):

1]

[9]
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Abstract: This paper explores the use of the Case Method as a research-based pedagogical strategy for teaching
applied statistics to civil engineering students. Recognizing the gap between theoretical knowledge and practical
application in traditional mathematics instruction, the study advocates for context-driven, inquiry-based learning
experiences. The Case Method is presented as an effective tool to foster critical thinking, data interpretation, and
decision-making skills in engineering education. A case study titled Safety Analytics in Construction is used to
illustrate how statistical techniques, such as descriptive analysis, correlation, logistic regression, and hypothesis
testing, can be taught through real-world scenarios involving construction site accident data. The case challenges
students to identify key risk factors and propose evidence-based safety improvements, bridging mathematical
reasoning with professional practice. Reflections on the implementation highlight increased student engagement,
deeper understanding of statistical concepts, and improved ability to apply quantitative analysis to engineering
problems. The paper concludes with pedagogical insights and recommendations for broader integration of case-
based methods in applied mathematics courses within engineering curricula.

Mathematics Subject Classification (2010): 97M50, 97K80, 97D40, 97C30
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1. Introduction

In today’s rapidly evolving engineering landscape, the role of data-driven decision-making is
more critical than ever. Civil engineers are increasingly required to engage with complex
datasets, assess risks quantitatively, and justify technical decisions based on empirical
evidence. Among the foundational tools that support these competencies is applied statistics, a
branch of mathematics that enables professionals to analyze variability, draw conclusions
from data, and support planning processes with analytical rigor. Despite its clear relevance to
the engineering profession, statistics often remains one of the least appreciated subjects in
engineering education, perceived by students as abstract, theoretical, and disconnected from
the realities of practice.

This disconnects stems, in large part, from traditional teaching methods that emphasize
formula memorization and routine problem-solving, offering few opportunities for students to
experience the real-world applicability of statistical reasoning. As a result, learners frequently
fail to internalize the value of statistics as a problem-solving tool and instead approach the
subject with anxiety, disengagement, or superficial understanding. Yet the pressing challenges
faced in civil engineering, from ensuring the structural integrity of buildings to evaluating
construction site safety and optimizing resource use, demand a high level of statistical literacy
and critical thinking. There is a clear need to reimagine how we teach statistics in engineering
programs, aligning instruction with both the cognitive needs of learners and the practical
demands of the profession.

In response to this need, research in the field of education has increasingly pointed to the
value of active, inquiry-based pedagogies that promote student engagement and connect
learning to real-world contexts. One particularly powerful approach is the Case Method, a
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teaching strategy that immerses students in authentic, complex scenarios that mirror
professional dilemmas. Instead of passively absorbing information, students are challenged to
analyze data, interpret results, weigh alternatives, and formulate reasoned conclusions.
Originally developed in the domains of law and business, the Case Method has been adapted
successfully in various fields of higher education, including medicine, economics, and more
recently, engineering and applied mathematics.

What distinguishes the Case Method is its capacity to integrate theoretical knowledge with
practical application, encouraging students to take ownership of the learning process. In a
case-based setting, learning is not linear or confined to the classroom but emerges through
collaborative inquiry, contextual analysis, and critical reflection. For civil engineering
students, this means grappling with data not just to perform calculations, but to solve
problems that matter, such as reducing construction accidents, improving project timelines, or
minimizing environmental impact. These are not textbook exercises but real-world concerns
that demand thoughtful, data-informed solutions.

Applied to the teaching of statistics, the Case Method can transform student perceptions of the
subject. Rather than viewing statistics as a collection of isolated techniques, learners are
introduced to a holistic process of reasoning with data, collecting, visualizing, modeling, and
drawing conclusions in uncertain environments. Furthermore, they are placed in the role of
analysts and decision-makers, where mathematical results are not ends in themselves but part
of a larger narrative with professional and ethical consequences. This shift in perspective
deepens motivation, improves retention, and cultivates the higher-order thinking skills
essential for lifelong learning and professional success.

Moreover, teaching statistics through case-based learning aligns with the broader goals of
engineering education in the 21st century. As institutions of higher education strive to prepare
graduates who are not only technically proficient but also adaptive, communicative, and
ethically grounded, pedagogical methods must evolve accordingly. The Case Method not only
helps students master statistical tools, but also fosters cross-cutting competencies such as
teamwork, argumentation, leadership, and systems thinking, skills increasingly valued by
employers and essential for solving the complex, interdisciplinary problems of modern
engineering.

In the context of civil engineering, the use of case-based learning to teach statistics is
particularly powerful because it resonates with the practical orientation of the discipline. Civil
engineering is, by nature, rooted in real environments, tangible outcomes, and stakeholder
impacts. When students are invited to analyze data derived from authentic construction
scenarios, such as workplace accidents, material failures, or environmental monitoring, they
begin to see how mathematical reasoning informs engineering judgment. This approach not
only enhances conceptual understanding but also reinforces the professional identity of
students as future engineers who think critically, act responsibly, and contribute meaningfully
to the built environment.

Rethinking how we teach statistics to engineering students is no longer a matter of
pedagogical innovation, it is a necessity. The Case Method offers a promising and evidence-
based solution to bridge the gap between statistical theory and engineering practice. By
creating meaningful learning experiences grounded in authentic challenges, it empowers
students to engage deeply with data, appreciate the value of statistical thinking, and develop
into competent, reflective professionals ready to meet the demands of their field.

2. The Case Method: A Research-Based Pedagogical Approach
In recent decades, the growing complexity of knowledge production, technological
development, and professional practice has compelled educators to rethink traditional
teaching methods in higher education, especially in the fields of science, technology,
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engineering, and mathematics (STEM). As industries demand not only technical competence
but also problem-solving, ethical reasoning, and interdisciplinary thinking, there has been a
shift toward pedagogical models that actively involve students in meaningful learning
processes. Among these, the Case Method has emerged as a particularly powerful and
research-based approach, capable of transforming passive learning into a dynamic, inquiry-
driven experience. Originally developed in legal and business education, the Case Method is
now gaining widespread adoption across disciplines, including engineering and applied
mathematics, due to its unique capacity to bridge theory and practice.

At its core, the Case Method is based on the principle that students learn most effectively
when they are placed in realistic, professionally relevant situations that challenge them to
apply their knowledge, exercise judgment, and engage in critical discussion. Rather than
being mere recipients of information, students in a case-based learning environment are
positioned as active problem-solvers. They are presented with complex scenarios, often
lacking a single correct answer, which they must analyze, interpret, and resolve based on
available data, theoretical frameworks, and professional considerations. This approach fosters
a learning process that is not only cognitively demanding but also socially and emotionally
engaging.

The foundational principles of the Case Method include active learning, authenticity, dialogic
inquiry, and reflective practice. These principles align with what research in cognitive science
and pedagogy has identified as conditions for deep learning. Students are required to retrieve
prior knowledge, apply it in unfamiliar contexts, justify their reasoning, and consider
alternative perspectives. Through structured discussion, often facilitated by the instructor,
learners refine their understanding by articulating and defending their ideas, while also
engaging with the viewpoints of their peers. In this way, knowledge is not delivered, it is
constructed, negotiated, and internalized.

The Case Method is especially well-suited to STEM and engineering education, where
traditional instructional models often fall short in cultivating the kinds of thinking required for
real-world practice. In engineering, problems are rarely clean or well-defined. They involve
constraints, trade-offs, competing objectives, and ethical dilemmas. The Case Method mimics
this professional complexity, inviting students to grapple with uncertainty, work
collaboratively, and think systemically. In doing so, it prepares future engineers not only to
understand technical concepts but to use them effectively in practice.

Furthermore, this method enhances student motivation and engagement, which are frequently
lacking in STEM courses. Mathematics and statistics, for example, are often seen by students
as abstract or disconnected from the world around them. The Case Method counters this by
embedding mathematical concepts in authentic scenarios, such as optimizing transportation
logistics, analyzing construction site accidents, or modeling environmental risks. When
students see that the tools they are learning have real-world relevance and impact, their
interest and investment in the subject naturally increase.

One of the most significant advantages of the Case Method in teaching applied mathematics is
its emphasis on the application of quantitative reasoning in context. Applied mathematics is,
by nature, a discipline of practice, concerned with modeling, analyzing, and solving real
problems. Yet, in many traditional mathematics classrooms, students are trained to follow
procedures without understanding their purpose or relevance. The Case Method disrupts this
pattern by situating mathematical reasoning within complex, data-driven challenges. Students
must select appropriate models, analyze results critically, and reflect on the limitations of their
approaches. In this way, they develop not just computational fluency, but also conceptual
understanding and professional judgment.

Moreover, the Case Method supports the development of essential transversal skills.
Communication, teamwork, and ethical awareness are organically integrated into case-based

47



learning, as students collaborate on problem-solving, articulate their reasoning, and explore
the broader implications of their decisions. These competencies are indispensable in
engineering and increasingly demanded by employers who seek not only technically skilled
graduates but also adaptable, thoughtful professionals capable of navigating diverse working
environments.

Instructors, within this framework, assume a new role, not as knowledge dispensers, but as
facilitators of learning. Their task is to guide discussion, pose critical questions, and help
students connect mathematical tools to practical goals. While this role demands careful
preparation and pedagogical sensitivity, it creates a richer and more democratic learning
environment where students take ownership of their learning.

The Case Method represents a robust, research-informed approach to teaching that aligns with
the evolving demands of STEM education. Its capacity to engage students in real-world
problem-solving, to integrate theory with practice, and to promote both cognitive and
interpersonal development makes it particularly relevant for the teaching of applied
mathematics in engineering contexts. By embedding learning in authentic professional
scenarios, the Case Method prepares students not only to understand mathematics, but to use
it, reflect on it, and see its value in shaping the world they are preparing to build.

3. Application of the Case Method in Teaching Statistics

The teaching of statistics in engineering education often presents a unique paradox. On the
one hand, statistical reasoning is an indispensable tool for engineers, especially in domains
where uncertainty, risk assessment, and data-driven decision-making are integral to the
profession. On the other hand, students frequently perceive statistics as a dry and abstract
subject, disconnected from the realities of engineering practice. This disconnection
undermines both engagement and comprehension, resulting in superficial learning and limited
long-term retention. The Case Method offers a compelling solution to this challenge by
embedding statistical concepts within realistic, professionally relevant contexts that
emphasize exploration, critical thinking, and decision-making. This chapter presents a
detailed example of how the Case Method can be applied to teaching statistics through a case
titled Safety Analytics in Construction, developed specifically for civil engineering students.
The case is situated in a realistic and data-rich scenario. A mid-sized civil engineering
company operating multiple construction sites has documented a series of workplace
accidents over a five-year period.

Experience
Accident_ID (months) Shift Equipment Safety_Training Injury_Severity Weather Phase
A001 2 Night Crane No Severe Rainy Foundation
A002 36 Day Drill Yes Minor Clear Framing
A003 12 Day Scaffolding Yes Moderate Clear Structural
A004 8 Night Scaffolding No Severe Windy Foundation
A005 60 Day Concrete Mixer Yes Minor Clear Finishing
A006 18 Night Drill Yes Moderate Rainy Electrical
A007 5 Day Crane No Severe Clear Structural
A008 24 Day Concrete Mixer Yes Minor Clear Finishing
A009 3 Night Scaffolding No Severe Rainy Foundation
A010 30 Day Drill Yes Minor Clear Framing

Table 1. Construction Site Accidents — 10 case entries
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The dataset available to students (Table 1) includes a wide array of variables, such as worker
experience, time of day, equipment used, type of injury, phase of the construction project,
weather conditions, and recent safety training records.

The central task given to students is to analyze this dataset in order to identify risk factors
associated with workplace injuries and to develop evidence-based recommendations for
improving safety protocols. This problem is not only statistically rich but also professionally
meaningful, as it mirrors the kinds of analytical responsibilities engineers may face in real-
world safety management roles.

The mathematical content embedded within the case is both rigorous and contextually
grounded. Students begin by applying descriptive statistics to explore the data and detect
initial trends, such as the frequency of accidents during different times of the day or the most
common types of injuries. This initial exploration is often followed by correlation analysis,
which helps uncover relationships between quantitative variables, for instance, whether
worker experience is negatively correlated with accident severity.

Building on this foundation, the case introduces students to inferential statistics, particularly
hypothesis testing, which they use to determine whether observed patterns are statistically
significant. Students may compare accident rates across different types of equipment or test
whether the presence of recent safety training is associated with fewer severe injuries. For
more advanced learners, logistic regression is incorporated to model the likelihood of binary
outcomes, such as the probability of a severe injury based on multiple predictors. This
progression through increasingly sophisticated methods reinforces students’ understanding of
statistical modeling as a flexible and powerful framework for real-world analysis.

Importantly, the case is designed not as a step-by-step exercise with predetermined methods,
but as a complex, open-ended challenge. Students must decide how to approach the data,
which tools are appropriate, and how to interpret their results in context. This level of
autonomy encourages independent thinking, promotes methodological reasoning, and helps
students internalize the logic of statistical inquiry as a process, not just a set of tools.

The learning tasks are multifaceted. In addition to conducting statistical analysis, students are
required to produce a professional report that presents their findings and recommendations.
This task simulates the kinds of documentation expected in engineering practice, where
clarity, precision, and contextual interpretation are crucial. Students must also reflect on the
limitations of their analysis, the assumptions behind their models, and the practical feasibility
of their recommendations. In some cases, students present their conclusions in class,
developing both their oral communication skills and their confidence in discussing
quantitative results with diverse audiences.

Collaboration is another key dimension of the instructional design. Students typically work in
teams, sharing the analytical workload and engaging in discussions that enrich their
interpretation of the data. This collaborative model mirrors professional practice in
engineering, where data analysis is rarely a solitary endeavor and where diverse perspectives
often lead to more robust solutions.

The implementation of this case in the classroom requires careful instructional planning. The
instructor’s role is primarily that of a facilitator, posing questions, guiding inquiries, and
helping students link their analysis to broader professional and ethical considerations.
Students are provided with an open-ended task brief, access to relevant data, and freedom to
choose their analytical path. Periodic check-ins, class discussions, and feedback sessions
ensure that students remain engaged and supported throughout the process.

Assessment strategies focus on both the process and the product of learning. Students are
evaluated not only on the accuracy of their statistical calculations but also on their ability to
reason through uncertainty, articulate insights, and communicate responsibly. Instructors may
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use rubrics that account for methodological rigor, teamwork, written expression, and depth of
reflection.

The educational value of this case-based approach extends far beyond the mechanics of
statistical techniques. It fosters essential transversal competencies, such as critical thinking,
ethical reasoning, communication, and collaboration. It also transforms students’ perceptions
of statistics from a set of disconnected formulas to a purposeful and empowering tool for
engineering problem-solving.

The Safety Analytics in Construction case exemplifies the transformative potential of the
Case Method in teaching applied statistics to civil engineering students. By embedding
quantitative analysis in an authentic, meaningful problem, the case cultivates deeper
engagement, more durable learning, and a stronger sense of professional relevance. It
demonstrates that statistics, when taught through the lens of real-world decision-making, is
not merely an academic requirement but a vital competence for responsible engineering
practice.

This case-based learning experience is built around a core real-world challenge: analyzing
accident data on construction sites to determine safety risk patterns and propose mitigation
strategies using regression and hypothesis testing. By engaging with this complex problem,
students not only learn how to apply statistical techniques but also experience the power of
data to drive informed, ethical decisions that directly impact human lives in the field of civil
engineering.

4. Conclusions
The application of the Case Method in teaching applied statistics to civil engineering students
has revealed significant pedagogical advantages, both in terms of student engagement and
conceptual understanding. By situating statistical learning within a realistic, meaningful
context,such as construction site safety, students are no longer passive recipients of abstract
formulas, but active participants in solving problems that mirror the complexity of
professional practice. This chapter reflects on the observed impact of the method, draws out
key insights and challenges encountered during implementation, and proposes directions for
further integration of research-based teaching strategies in applied mathematics education.
One of the most immediate and noticeable outcomes of the case-based approach is the rise in
student engagement. When students are invited to assume professional roles, handle real data,
and take responsibility for decision-making, their motivation to participate increases
substantially. Unlike traditional problem sets, which often rely on synthetic, oversimplified
examples, the Safety Analytics in Construction case presents an authentic dilemma with
tangible human and organizational consequences. This authenticity fosters a sense of
ownership over the learning process and encourages students to go beyond surface-level
answers.
Students demonstrated greater persistence in data exploration, more critical attention to
methodological choices, and deeper discussions around interpretation and communication of
results. Concepts such as statistical significance, correlation vs. causation, and model
assumptions, which are often difficult to internalize through lecture alone, became more
intuitive when grounded in a case that required ethical and contextual reasoning. Students also
developed stronger metacognitive awareness, recognizing not only what tools to apply, but
why and how their analytical decisions impacted the credibility and usefulness of their
conclusions.
While the benefits of the Case Method are clear, its implementation is not without challenges.
Designing an effective case requires significant time and pedagogical sensitivity. The case
must be realistic yet manageable, data-rich but not overwhelming, open-ended yet aligned
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with clearly defined learning outcomes. Striking this balance is essential for guiding students
into productive inquiry rather than confusion or frustration.

Another challenge is the facilitation process. Instructors must be prepared to shift from the
role of knowledge-deliverer to that of a facilitator, guiding discussion, asking probing
questions, and helping students link their statistical reasoning to the broader context of
engineering ethics, economics, and safety. This shift may feel unfamiliar, especially for
educators trained in traditional modes of teaching. Additionally, assessment methods must be
adapted to value reasoning, collaboration, and interpretation, not just correct calculations.
Group work, although beneficial for collaboration, can introduce variability in participation.
Clear expectations, structured rubrics, and reflective components (such as peer evaluations or
individual write-ups) are useful tools for ensuring accountability and equity within teams.

The experience of using the Case Method in a course on applied statistics highlights a crucial
shift in the teaching of mathematics in engineering: from procedural competence to
contextualized problem-solving. It reinforces the idea that statistical literacy is not about
performing rote calculations but about thinking critically with data to inform real-world
decisions.

For civil engineering students, who encounter data in forms ranging from materials testing
results to site risk assessments, the ability to interpret, communicate, and act on quantitative
information is essential. Embedding statistical instruction within a case-based framework
supports the development of these competencies and aligns with modern educational goals in
STEM, such as interdisciplinary thinking, ethical awareness, and applied reasoning.
Moreover, this approach addresses one of the most pressing challenges in mathematics
education: relevance. When students perceive the utility of what they are learning, their
engagement, retention, and confidence increase. The Case Method makes mathematics visible
in the world of engineering, showing that data is not merely a technical artifact, but a driver of
safety, efficiency, and human wellbeing.

Looking ahead, the success of this case opens new possibilities for the broader application of
the Case Method in teaching applied mathematics. Additional cases could be developed for
other domains relevant to civil engineering, such as environmental impact forecasting, traffic
flow optimization, or resource allocation.

The integration of tools such as Excel, Python, or R could further enhance the computational
aspect of these cases, bridging the gap between statistical theory and digital literacy.
Furthermore, future iterations of this approach could incorporate more explicit reflection on
uncertainty, ethical dilemmas, and communication to non-specialist audiences. These are
essential skills for engineers working in multidisciplinary teams or engaging with public
stakeholders.

It is also important to explore how case-based methods can be adapted to different course
formats (e.g., hybrid, online) and levels (e.g., introductory, advanced), as well as how student
feedback can inform continuous improvement.

Collaboration between educators, researchers, and industry partners could lead to the
development of case repositories grounded in real engineering data and contemporary
challenges.

In conclusion, the Case Method represents not only a teaching technique, but a philosophy of
education, one that treats students as thinkers, professionals in formation, and responsible
users of knowledge.

Its application in teaching applied statistics demonstrates that mathematics, when connected
to the world, becomes not only more comprehensible, but more powerful. It equips future
engineers with the analytical mindset they need to lead, adapt, and solve problems in an
increasingly data-driven world.
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Abstract: This paper explores the integration of Service-Learning (SL) methodologies into the teaching of
mathematics for civil engineering students. Recognizing the persistent challenge of student disengagement with
abstract mathematical concepts, the study presents SL as an effective pedagogical approach that contextualizes
mathematical learning through community-based projects. By involving students in real-world civil engineering
problems, such as infrastructure assessment, resource optimization, and environmental analysis, SL fosters the
practical application of mathematical models, enhances student motivation, and promotes civic responsibility.
The paper discusses the pedagogical framework, presents illustrative case studies, and highlights the educational
impact observed in terms of improved understanding, critical thinking, and interdisciplinary collaboration.
Challenges in implementation and future directions for scaling SL in mathematics curricula are also addressed.
The findings suggest that Service-Learning not only strengthens mathematical competencies but also prepares
students to become socially responsible engineers capable of addressing complex societal needs.
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1. Introduction
Mathematics plays a foundational role in civil engineering education, serving as the language
through which physical phenomena are modeled, analyzed, and optimized. From the early
stages of academic training, civil engineering students are required to master a wide range of
mathematical tools, including calculus, linear algebra, probability, statistics, and numerical
methods. These concepts form the theoretical basis for core engineering disciplines such as
structural analysis, fluid mechanics, geotechnics, transportation systems, and construction
management.
Mathematics enables engineers to design infrastructure systems that are safe, efficient, and
cost-effective. Structural engineers, for instance, rely on differential equations and matrix
methods to determine stress distributions and deformation in buildings and bridges.
Transportation engineers use optimization models and graph theory to solve routing and
scheduling problems. In geotechnical engineering, statistical analysis 1s essential for
interpreting soil test data and estimating risk factors.
Beyond computation, mathematics also cultivates critical thinking and problem-solving skills
that are essential in engineering practice. The ability to abstract complex situations into
mathematical models, to analyze and interpret results, and to validate them within real-world
constraints is central to civil engineering decision-making.
However, despite its importance, many students struggle to see the relevance of abstract
mathematical content when it is detached from practical applications. This disconnection can
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result in decreased motivation, superficial understanding, and difficulty transferring
knowledge to engineering contexts. This pedagogical challenge calls for innovative teaching
methods that not only convey mathematical rigor but also demonstrate its applicability to real
engineering problems, precisely the gap that Service-Learning aims to bridge.
Service-Learning (SL) is an educational approach that integrates meaningful community
service with academic instruction and structured reflection. Unlike traditional classroom
activities or internships, SL is grounded in reciprocity: students contribute to addressing real
community needs while simultaneously deepening their academic understanding and civic
engagement. It is rooted in experiential learning theory, particularly the work of Dewey and
Kolb, which emphasizes learning through active participation and reflection on doing.

In higher education, Service-Learning has proven especially effective in disciplines where
problem-solving, ethics, and community relevance are key, making it a natural fit for
engineering education. Through well-designed SL projects, students apply theoretical
knowledge to concrete challenges, such as improving infrastructure, analyzing environmental
data, or optimizing resource use in under-resourced communities.

From a pedagogical perspective, Service-Learning supports:

e Active learning, by involving students in hands-on, real-world tasks.

e Contextualized learning, which links academic content to authentic problems.
Interdisciplinary integration, by blending technical knowledge with social,
environmental, and economic considerations.

e Personal growth, by fostering empathy, responsibility, and ethical reasoning.

In the context of teaching mathematics to civil engineering students, SL provides an avenue
for demonstrating how abstract mathematical concepts translate into tools for civic
improvement. For example, statistical analysis becomes more meaningful when used to assess
the safety of school infrastructure in low-income areas, and optimization techniques gain
relevance when applied to sustainable transportation planning.

Moreover, SL encourages deeper cognitive engagement. When students must explain their
mathematical reasoning to non-specialist stakeholders, such as municipal decision-makers or
community representatives, they are pushed to clarify their thinking, refine their models, and
consider broader implications of their work.

Thus, Service-Learning is not merely an extracurricular activity or charitable endeavor. It is a
pedagogically sound, research-supported methodology that enhances academic rigor,
reinforces applied learning, and prepares students for responsible professional practice in civil
engineering.

Experiential and contextualized learning approaches have gained increasing attention in
STEM education for their capacity to enhance student engagement, retention, and transfer of
knowledge. In contrast to traditional didactic methods, which often present mathematical
concepts in isolation from real-world application, experiential learning situates knowledge
within authentic tasks that mirror professional practice. This alignment is particularly valuable
in civil engineering education, where mathematical reasoning underpins decisions with
significant societal and environmental consequences.

One of the primary benefits of experiential learning is its capacity to motivate students by
demonstrating the immediate relevance of abstract concepts. When students recognize that
mathematical models can help assess the structural safety of a community bridge or optimize
the delivery of materials on a construction site, they become more invested in mastering the
underlying techniques.

Contextualized learning also promotes deeper cognitive processing. Rather than memorizing
formulas or algorithms, students must interpret data, formulate problems, make assumptions,
and evaluate outcomes within the constraints of real environments. This active engagement
leads to improved conceptual understanding and longer-term knowledge retention.
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Furthermore, experiential tasks foster the development of transferable skills essential to
engineering practice:

e Problem-solving in complex, unstructured contexts.

e Communication of technical ideas to diverse audiences.
Collaboration with peers, faculty, and external stakeholders.

e Ethical reasoning and consideration of societal impact.
In mathematics education specifically, contextualized learning counters the perception that
mathematical work is purely theoretical or disconnected from lived experience. By
embedding mathematical instruction within community-relevant projects, such as modeling
urban traffic flow or analyzing energy consumption patterns, educators can demonstrate the
transformative power of mathematics in solving pressing civil challenges.
In sum, the integration of experiential and contextualized learning approaches, especially
through Service-Learning, not only enhances the quality and depth of student learning but
also contributes to the formation of socially aware, technically competent civil engineers.

2. Pedagogical Framework and Methodology

Designing effective Service-Learning (SL) projects in mathematics for civil engineering
students requires careful alignment between educational objectives, community needs, and
disciplinary content. Unlike standard course assignments, SL projects must be both
mathematically rigorous and socially meaningful, offering students authentic opportunities to
apply mathematical knowledge to real-world problems while contributing tangible value to
external partners.
The process begins with identifying relevant community challenges that can be modeled or
addressed using mathematical tools taught within the course. For civil engineering students,
these may include issues such as infrastructure maintenance, resource distribution,
environmental impact analysis, or transportation logistics. Collaborations with local
authorities, non-profit organizations, or engineering firms provide an entry point for
understanding these challenges in their real-world context.
Once a problem is identified, the instructor facilitates the translation of the community issue
into a well-scoped mathematical project. This step involves:

e Defining clear learning outcomes aligned with the course syllabus.

e Selecting appropriate mathematical topics (e.g., statistics, optimization, numerical

analysis).

e Determining the data requirements and ensuring accessibility.

¢ Outlining the expected deliverables, such as models, reports, or presentations.
Successful SL design emphasizes student autonomy and inquiry, encouraging learners to
explore, hypothesize, and construct solutions iteratively. Projects typically unfold over several
weeks and include checkpoints for feedback and guidance. Instructors play a dual role, as
subject-matter experts and mentors, guiding students through both the mathematical
complexities and the community dynamics of the problem.
An essential component of SL project design is structured reflection, integrated at multiple
stages of the process. Through reflective journals, group discussions, and written summaries,
students analyze not only the mathematical process but also the ethical, social, and
professional implications of their work.
Moreover, the evaluation framework must balance academic assessment (e.g., mathematical
accuracy, problem-solving process) with civic learning outcomes (e.g., understanding of
social impact, teamwork, and communication). Rubrics that assess both technical quality and
community engagement can ensure a holistic evaluation of student performance.
Ultimately, well-designed Service-Learning projects create a mutually beneficial partnership:
students gain experience and purpose in applying mathematics, while communities benefit
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from engineering-informed insights into local problems. This pedagogical model elevates
mathematics from abstract theory to a socially embedded practice.
One of the central challenges in teaching mathematics to civil engineering students lies in
bridging the gap between abstract concepts and practical relevance. Service-Learning offers a
powerful framework to achieve this integration by anchoring mathematical instruction within
real-world civil engineering contexts. When mathematical ideas are embedded in community-
based problems, they are no longer perceived as isolated computations but as essential tools
for understanding and improving the built environment.
The integration process begins with the selection of mathematical content that aligns with
both curricular goals and the technical demands of the service project. Topics such as linear
algebra, statistics, differential equations, or optimization are contextualized through
engineering scenarios. For instance:
e Linear programming is applied to optimize the routing of concrete deliveries from
batching plants to construction sites.
e Regression analysis is used to examine patterns in accident data on construction sites.
e Matrix methods and numerical simulation support structural load analysis in small-scale
bridge inspections.
e Descriptive statistics and hypothesis testing help evaluate survey results regarding water
distribution efficiency or energy usage in public buildings.
Rather than teaching these concepts in isolation, instructors use project-based modules that
integrate mathematical theory with hands-on applications. Students are introduced to the
problem, analyze available data, develop models, and validate results, all while explicitly
linking each step to the underlying mathematics.
To support this integration, instructors may use scaffolded learning structures:
e Preparatory mini-lessons that review or introduce mathematical techniques necessary
for the project.
e Templates or guided worksheets that help students connect data to formulas or
computational steps.
e Workshops or group coaching sessions to troubleshoot conceptual difficulties within the
applied context.
Importantly, students are encouraged to engage in conceptual transfer, to recognize how the
same mathematical method can be adapted to different engineering challenges. This nurtures a
flexible mindset and deepens understanding, preparing students for the complexity and
unpredictability of professional practice.
Additionally, the integration process promotes interdisciplinary thinking. By linking
mathematics with environmental studies, transportation planning, or structural engineering,
students gain a holistic view of how knowledge domains interact to solve civil problems. This
approach mirrors real engineering work, where collaboration between disciplines is standard.
Ultimately, the meaningful integration of mathematical concepts and real-world contexts
transforms learning into a dynamic and socially relevant experience. It empowers students not
only to know mathematics but to use it as an instrument for change within their communities
and professions.
A defining feature of Service-Learning is its emphasis on structured reflection, which
transforms practical experience into meaningful learning. In mathematics education for civil
engineering students, reflection is especially important for deepening conceptual
understanding, reinforcing professional identity, and fostering civic awareness.
Reflection occurs at multiple stages of the Service-Learning project. Early reflections may
focus on students’ initial perceptions of the problem, their expectations, and the social or
environmental context. As the project progresses, students reflect on their mathematical
reasoning, modeling assumptions, and collaboration dynamics. Final reflections encourage
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them to evaluate both the impact of their work and the skills they developed, technical,
communicative, and ethical.
Common formats for reflective practice include:

¢ Individual journals that trace personal growth and conceptual challenges.

e Group debriefings to share insights and problem-solving strategies.

e Guided prompts connecting mathematical processes to real-world consequences (e.g.,
“How did the assumptions in your model affect the recommendations you
proposed?”).

These activities help students articulate how mathematical abstractions gain meaning when
applied to civil engineering contexts, strengthening metacognitive awareness and retention.
Evaluation in Service-Learning must be multidimensional. Traditional metrics, such as the
correctness of calculations or clarity of mathematical models, are still essential. However,
they are complemented by assessments of:

e Application and interpretation of mathematical tools in real-world conditions.

e Communication skills, especially in presenting technical results to non-specialist
audiences.

e Teamwork and project management competencies.

¢ Civic engagement and awareness of societal impact.

Rubrics that include both academic and civic criteria ensure a balanced assessment that values
both content mastery and community relevance.

Equally important is the involvement of stakeholders throughout the learning process.
Community partners, such as local municipalities, NGOs, or construction firms, play a key
role in:

e Defining the problem space and contextual parameters.

e Providing access to data and technical constraints.

e Offering feedback on students’ solutions and recommendations.

¢ Evaluating the practical usefulness of project outcomes.

This triadic collaboration, students, instructors, and stakeholders, reinforces the authenticity
of the learning experience. It also instills in students a professional mindset, as they learn to
consider client needs, adapt to real constraints, and take responsibility for the relevance and
clarity of their analyses.

In summary, reflection, evaluation, and stakeholder involvement are integral to the
pedagogical success of Service-Learning. Together, they elevate the mathematical experience
from procedural proficiency to applied, reflective, and socially meaningful problem-solving.

3. Case Studies and Implementation Examples

One of the most impactful applications of Service-Learning in mathematics for civil
engineering students involves the statistical assessment of infrastructure safety, particularly in
underserved or aging urban areas. This type of project engages students in collecting,
analyzing, and interpreting data related to the condition of local infrastructure, such as
pedestrian bridges, stairways, or public buildings, while applying fundamental statistical
concepts learned in class.

In a representative case study, undergraduate civil engineering students collaborated with a
municipal technical department to evaluate the structural condition of pedestrian bridges in a
suburban neighborhood. Many of these structures were decades old and lacked formal
inspection records, posing a potential safety risk to the community.

Statistical modeling offers a powerful way to assess infrastructure conditions, especially in
environments where resources for systematic inspection are limited. In this Service-Learning
project, civil engineering students collaborated with a local city hall to evaluate the safety
conditions of pedestrian bridges in a small urban district. The municipality lacked up-to-date
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data, so students were tasked with conducting field assessments and performing a data-driven
risk analysis.

Students inspected 10 pedestrian bridges and recorded standardized information about each
structure’s visible condition. For this purpose, they developed a Bridge Condition Score
(BCS) ranging from 1 (excellent condition) to 5 (severely degraded). They also noted
variables such as year of construction, presence of corrosion, and estimated daily pedestrian
traffic.

Bridge ID Year Built Visible Cracks (count) Corrosion (1=Yes, 0=No) Daily Traffic BCS
B1 1992 3 1 800 4
B2 1985 7 1 600 5
B3 2005 1 0 1200 2
B4 1998 4 1 700 4
B5 2010 0 0 1000 1
B6 1990 5 1 650 4
B7 1980 8 1 500 5
B8 2008 2 0 950 2
B9 1995 6 1 750 4
B10 2012 0 0 1100 1

Table 1. Sample Data Collected
The students’ task was to design and implement a statistically sound sampling and analysis
process. Key steps in the project included:
¢ Data Collection: Students visited a selection of bridges to gather observational data on
parameters such as visible cracks, corrosion levels, material degradation, and load-
bearing elements. Photographic evidence and environmental context (e.g., exposure to
weather, nearby traffic) were also recorded.

Variable Definition and Encoding: Students categorized the observed damage using
ordinal scales (e.g., 1 = minimal, 5 = severe) and defined quantitative metrics such as
estimated crack length, surface erosion depth, and number of reinforcement exposures.

Descriptive Statistics: Using tools like mean, median, standard deviation, and
interquartile range, students summarized the general condition of the structures and
identified patterns across sites.

Inferential Analysis: Students applied confidence intervals and hypothesis testing to
compare different groups of structures, such as bridges over water vs. dry terrain, or
structures built before vs. after 1980. In some cases, ANOVA and chi-square tests
were employed to detect significant differences in degradation levels.

Risk Categorization: Based on statistical thresholds and structural indicators, bridges
were categorized into risk levels (e.g., low, moderate, high) to guide prioritization of
maintenance work.

Based on the BCS values, bridges were classified as:

e Low Risk (BCS 1-2): B3, BS, B8, B10
e Moderate Risk (BCS 3-4): B1, B4, B6, B9
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e High Risk (BCS 5): B2, B7
e Reporting and Communication: Students prepared technical reports and infographics for
local stakeholders, including city engineers and neighborhood associations, explaining

their methodology and findings in accessible language.
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Figure 1. Bridge Risk Classification Based on BCS

Through this project, students gained hands-on experience with realistic data variability,
sampling limitations, and the interpretive nature of statistical conclusions. Equally important,
they learned how to translate numerical results into actionable recommendations with direct
implications for public safety.

The project not only deepened students’ statistical understanding but also highlighted the
social responsibility inherent in engineering work. It reinforced the idea that mathematics is
not confined to the classroom, it is a tool for making cities safer, fairer, and more resilient.

4. Conclusions
The integration of Service-Learning in teaching mathematics to civil engineering students led
to a noticeable transformation in both cognitive and affective learning dimensions. Students
who initially struggled with abstract mathematical content became more engaged when
presented with community-based problems that required concrete applications of statistical
analysis, optimization techniques, and mathematical modeling.
Key observed outcomes included:

e Improved conceptual understanding: Students reported greater clarity in grasping
mathematical theories once applied to real-world scenarios, such as infrastructure
degradation or energy efficiency.

e Enhanced problem-solving skills: Engaging with unstructured, complex problems
fostered analytical thinking, flexibility, and the ability to make reasoned assumptions.

e Communication and teamwork: Students developed confidence in presenting
mathematical findings to non-specialists, using visuals, simplified explanations, and
structured arguments.

e Civic awareness and responsibility: The social dimension of the projects deepened
students’ understanding of the engineer’s role in society, particularly in serving under-
resourced communities or addressing sustainability challenges.

Overall, the Service-Learning approach cultivated a more motivated, reflective, and
professionally-oriented student profile.

Despite its pedagogical value, the implementation of Service-Learning in mathematics
education also presented several institutional and logistical challenges:
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Curricular integration: Embedding SL projects into existing mathematics syllabi
required careful alignment with learning outcomes, often necessitating the redesign of
assessment structures and teaching schedules.

Faculty workload: Designing, supervising, and evaluating SL projects demanded
significant time investment from instructors, particularly in coordinating with
community partners and guiding students through iterative problem-solving.

Partnership management: Sustaining meaningful collaborations with municipalities,
NGOs, or companies involved logistical effort, negotiation of expectations, and
flexibility in adapting to partner timelines and needs.

Assessment complexity: Evaluating both academic achievement and civic engagement
required the development of multidimensional rubrics and reflective evaluation
methods.

These challenges, while non-trivial, were manageable through institutional support,

interdisciplinary collaboration, and long-term planning. Pilot implementations also revealed

the importance of starting with small-scale projects and progressively scaling up.

This study highlights the transformative potential of Service-Learning as a pedagogical

strategy in teaching mathematics to civil engineering students. By situating abstract

mathematical concepts within authentic, community-based problems, SL projects promote
deeper learning, practical skill development, and the formation of socially responsible
engineers.

Key conclusions and recommendations include:

e Mathematics instruction should be contextualized through real-world problems that
reflect civil engineering practice.

e Service-Learning should be institutionalized across engineering curricula as a
complement to theoretical courses, particularly in the first two years of study when
students often struggle to see the relevance of mathematics.

e Faculty development and support structures are critical for scaling SL initiatives,
including training on project-based learning, reflective assessment, and partnership
coordination.

¢ Interdisciplinary collaboration should be encouraged, linking mathematics educators
with civil engineering practitioners and community stakeholders to co-create
meaningful projects.

e Further research and documentation are needed to quantify long-term impacts of SL on
student career trajectories, ethical development, and civic engagement.

In conclusion, Service-Learning offers a robust and innovative pathway for transforming

mathematics education in engineering, aligning academic rigor with social purpose and

professional relevance.
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AN INTEGRAL OF OPERATORIAL VALUED FUNCTIONS
LUCIAN NITA

ABSTRACT. In this paper, we consider functions defined on a compact metric space
(T, d), whose values are linear and continuous operators between two Banach spaces E
and F:

teT = f(t) e Z(E,F)={U: E — F|U is linear and continuous}.

Given such a function f (measurable, regarding the Borel subsets of T" and of .Z(E, F'))
and a measure with bounded variation defined on the Borel subsets of T', taking values in
E, we define an integral of f with respect to pu, this integral taking values in F'. We give
the properties of this integral and some important particular cases. Some examples are,
also, provided. Then, we give some applications of this integral. First, the constructions
of some vector measures with bounded variation. Finally, we use the integral to define a
Monge-Kantorovich type norm of a measure.

Mathematics Subject Classification (2010): 28B05, 46B10, 46E27, 46E30.
Key words: vector measure, measurable function, operator norm, Schauder basis,
Monge-Kantorovich norm.

1. PRELIMINARY FACTS

Let (T, d) a compact metric space and (X, || - ||) be a Banach space over R. We denote
by B the family of the Borel subsets of T'.

Definition 1.1. If p: B — X is a vector measure and A € B, we call the variation of
on A the element

nGN*,Al,...,AnGB,

ul(4) < sup3 3 (A

JAj=A4,4,0A =0 forj#k
j=1

One can prove that the set function |u| : B — R, is a positive measure.

Definition 1.2. Let p : B — X be a vector measure. We say that p has bounded
variation if |u|(T) < oo.

We denote by cabv(X) the vector space of the vector measures p : B — X which have
bounded variation.
It can be proved that:

e the application || - || : cabv(X) — Ry, ||u]] «f ||(T") is a norm on cabv(X)(called

the variation norm)
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e (cabv(X), |l -||) is a Banach space.
Definition 1.3. We will define, now, the following function spaces, defined of T, taking

values on X :

1) S(X) = {f = > pa,xjn € N*, (A))i1<j<n is a partition of Twith Borel subsets, x; € X,
j=1

¢4, 18 the characteristic function of Aj;

S(X) s called the space of simple functions.

2) TM(X) = {f : T = X fu)uz1 € S(X) such that f, > f }
TM(X) is called the space of totally measurable functions.

3) C(X)={f:T — X|f is continuous }

C(X) is called the space of continuous functions.

2. THE DEFINITION OF THE INTEGRAL. ELEMENTARY PROPERTIES. EXAMPLES.

Let E and F' be Banach spaces over R and
ZL(E,F)={U: E — F|U is linear and continuous}.

We consider the simple function f : T — Z(E,F), f = > paU; (U, € L(E,F)) and
i=1

the vector measure p € cabv(E).

Definition 2.1. The element > U;(u(A;)) € F is called the integral of f with respect to
i=1
p and is denoted by [ fdu.

Proposition 2.2 (basic properties of the integral). The application B : S(Z(E, F)) X
cabv(E) = R, B(f, u) = [ fdu is bilinear and continuous, both with respect to f and with
respect to (.

Corollary 2.3. The application B may be extended to the closure of the set S(Z(E, F))
with respect to || - ||, that is, to the space TM(ZL(E,F)). Namely, if (fo)n>1 C

S(ZL(E,F)) and f, = f, we define: [ fdu= lim [ f,du, for any u € cabv(E), the limit
n—oo

being the same for any (f,), C S(ZL(E, F)) such that f, — f.

Example 2.4. Let t € T,z € E, arbitrarily, f € C(ZL(E,F)) and p = dx, that

means j(A) = {g’ ifted

. Let us compute [ fdp. We consider the canonical sequence

iftd A

i(n)
(fr)ns fn = > parU} (UA} =T). Let k = 1,i(n) the unique index such that t € A}. We
J=1 J

obtain: [ fud(Ser) = UF (3 (A7) = Up(2). But [f(8) — fu(t)]o < 2
= fn — f. Hence, [ fdu= Jlrrgoffndu :nh_{roloU,?(x) = f(t)(x).
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Proposition 2.5. Let g : T — R, totally measurable, v € cabv(R),U € Z(E,F),x € F,
arbitrarily, fived. We consider the function f = g-U and the measure p = v - x, that is,
flt)=gt) - UVt eT nA) =v(A)- x,YA € B. Then,

/fd,u = (/gdl/) Ul(a).

3. PARTICULAR CASES

a)The case £ = F =RF, (k€ N¥)
We will denote . (R¥), instead & (R¥,R¥). For U € Z (R"), let M be the matrix
associated to U in the canonical basis of R*. That means, U(z) = M - z,Vx € R¥. Then,

if feS(Z(RY), f= Zn: ¢a,U; and p € cabv (R*), = (w1, ..., ), we have:
=1

Ml(Aj)

/fduzi:Mj‘ ; :

(A )

M being the matrix associated to U; in the canonical basis of R".
b) The case when F' =R
Let X be a Banach space and X' its conjugate, X’ = {y : X — R|y is linear and continuous},
j(n)
f e TMX"). If f, € S(X'), f. = @aryl, such that f, = f, then [ fdu =
=1

i) .
Jim f fadp = lim 5%y (1 (A7)).
Remark 3.1. Let (A4;)i1<i<n be a partition of T with Borel sets. For any i € {1,...,n}
we find y; € X' such that ||y;|| = 1 and y;(u(A4;)) = [|p(A)|. Let f =" oa,y;. We will
i=1

have:
[ fdn =37 wu49) = - 4o

c¢) The case when F' = R and F is a Hilbert space
If (X,(,-)) is a Hilbert space, using Riesz theorem, for any y € X', we find x € X
such that, for any z € X,y(z) = (z, z); hence, X = X’. Consequently, we may consider

k
f:T = X,f € TM(X), instead of f € TM(X"). If f € S(X),f = > pa,x; and
=1

p € cabv(X), we have:



k(n)
Considering the sequence (fn)n>1 C S(X), fo = > @aray and f € TM(X) such that
=1

k(n)
fo = fand p € cabv(X), we will have: [ fdu = lim [ f,dp = lim > (2%, pu(A?)). In

this particular case, we obtain the integral from [1].
d) The case when FE is a reflexive Banach space X and f: 7T — X"

k
Let us suppose now that X is a reflexive Banach space, f : T — X", f = > pa,2; (where
i=1
z(2") = 2'(x), for any z € X and 2’ € X'). If p € cabv(X’), we have:

[ fdn =3 d(ma0) = 3t e

In this particular case, we obtain the integral from [2].
e) Let E' be a Banach space. We suppose that:

i) (3)(ex)r>1 a Schauder basis in E;

ii) (3)(fi)i>1 a Schauder basis in E;

1, if k=1
iii) For any i,kEN*,fi(ek)—{ k=2

0, if k

iv) We suppose that the functions pr;, defined as pr; (E a; fj) = a; f; and pr; (Z bkek> =
J k

b;e; are continuous, for any ¢ > 1.
For example, this happens if E is a separable Hilbert space, (e;);>1 being a countable
orthonormal basis.

Let f € TM(E), f(t) = iy}-(t)fi,gi T S R, p € cabv(E), u(A) = liuk(A)ek
(ug : B—R).

Theorem 3.2. Using the notations from above, we have:

fr5 (o)

For any k,n € N, we define the functions ¥ : [0, 1] — R as it follows:

1, for x € [O,%) 23, for x € [%,%)
78:1a7(%<$): 07 fOI'.’E:% 777£(x): _2%7 fOI'IG(%,%] - One
—1, for x € (%,1} 0, otherwise

can see that the functions (vﬁ)k , form a sequence of functions (u;);>1, increasing k (for

a fixed n), then increasing n. These functions are called the Haar functions.
The following two results are proved in [3]:
65



Lemma 3.3.

1, ife=y .
wuu;dN = 0;; = Vi, 7 € N™.
| win =4, {0, fiti
[0,1]
Lemma 3.4. For any s € (1,00), the functions (u;);>1 form a Schauder basis in L*(]0, 1])
and the projection functions (pr; (Z cju; | = ciu;) are continuous.

J
Proposition 3.5. Let p,q € [1,00) such that % + % =1,FE = LP(]0,1]),

fFEeETME), f= 3 fatn,pp €cabv(E), = 3 fimUm.
n=1 m=1

Then, [ fdu = i;ffndun.

Numerical Application. Let us compute [ fdu, if f = > fuun, fu(t) =

n=1

e [0,1],

n27

L= MU, im(A) = %, A € B. Using the above proposition, we have:

m=1

ffdM—Zf (%>:§§L4:270

n=1 [0,1]
4. THE INTEGRAL OVER A MEASURABLE SET

Lemma 4.1. Let (T,d) a compact metric space, E and F' Banach spaces, p € cabv(E, F),

feTM(ZL(E,F)). Then,
/ fdu‘ < [1slalul

Definition 4.2. In the conditions of the above Lemma for any A € B, the element
f fdu = = [ (paf)dp is called the integral of f (with respect to p) over A.

Theorem 4.3. For any f € TM(Z(E,F)) and p € cabv(E), the function fu : B —
F,(fu)(A) = el ffd,u is o-additive.

Theorem 4.4. In the conditions before mentioned we have that fu € cabv(F). More
precisely, || full < [IF1[llul]-

Corollary 4.5. For any f € TM(Z(E, F)), the application F; : cabv(E) — cabv(F),
Fr() wf fu is linear and continuous.
5. APPLICATION: A MONGE-KANTOROVICH TYPE NORM
Let X a Banach space. We denote:

Ly(X)={f:T — X|f is a Lipschitz function}.
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For f € Ly(X), we denote by || f||. its Lipschitz constant.

We define | f]| L, 24 | fllz + 1| f]loo- It can be proved that || - ||z, is a norm on Ly(X) and

(L7(X), ]| - |l,;) is a Banach space. Now, let E be a Banach space, having a Schauder
basis. We denote: .Z(F) = {u: E — Elu is linear and continuous} and
LN(Z(E)={f € Lt (ZL(E)|fllz, <1}. For any pu € cabv(E), we define:

llacxc = sup {H [ 111 € iz e}

Let (e;);>1 a Schauder basis on F and c;l\og(E) = {,u € cabv(E), p = Y puie;|p; are a—additive}.
i=1

Theorem 5.1. The application || - ||mx : Cfa\};l(E) — R is a norm on cji\blv(E), called
the Monge-Kantorovich type norm.
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Abstract: Let C be the field of complex numbers and let .& be the C —vector space of all the sequences {a,, }pen > € C,
n=20,1,..

Let D: .- % be the difference operator D{a,, } = {b, }, where b, = a,,41 — a,. We say that {a, }pyisa k—

arithmetical seriesif D o D o ..o D =D**1{qa,} = {0}.
(k+1) times

In this note, we prove that {a,, } is a k— arithmetical series if and only if a, = P(n) ,n = 0,1, ... fora fixed polynomial P €
C[X], degP = k.

1. Introduction
On the C —vector space .~ of all the sequences {a, }nen , With entries in C , the field of complex
numbers, we define a difference operator D, D:. 5., D{a, } = {b, }, where b, = ap,,; — a,.

Lemma L1: The operator D is a linear mapping of C —vector space. Moreover, it is a surjective
mapping and Ker D = {{a,, }nen: a9 = constant, n=20,1,...}
Forany k = 0,1, ..., we denote D° = Id, the identity mapping, and

D¥=DoDo..oD

k times

Lemma L2: {a, },,cy is an arithmetical series (progression) if and only if D?{a,,} = {0}, thatis if and
only if {a, }nen€ Ker D?.

Definition D1: For any k =0,1,.., we say that {a, },ey i @ k — arithmetical series if
D**{a,} = {0}, thatis {a, }pey € Ker D**1.

Remark R1: It is easy to see that {0} = Ker D° ¢ Ker D' ¢ Ker D? c -+ < Ker D* c ---
for any k = 0,1, ... Moreover, the 0 — arithmetical series are exactly the constant sequences and the 1
— arithmetical series are the arithmetical progressions. So, the notion of a k& — arithmetical series is a
generalization of an arithmetical progression.
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Theorem T1 : {a, }nen is @ k —arithmetical series if and only if there exists a polynomial P(X) €
C[X], such that a,, = P(n), for any n = 0,1, ... Moreover, P is unique and degP = k.

Remark R2: Theorem T1 appears also in [3], (Theorem 2.1) in a more general context and with
a more complicated proof. Here we give an elementary proof (for the field K= C) by using a
recurrent relation on £ for the sums S(k,n) =1¥+2¥+...+n*, k=01,.., n=
1,2, ... (see the section below).

The proof of Theorem T1 does appear in the last section.

Example E1: {a, } € Ker D ifandonlyif a, =c = P(x),a polynomlal of degree 0.
{a,} € KerD?ifandonlyif a,=a+bn,, n=0,1,.. thatif a,isa
polynomial of degree 2-1=1 in n.

Remark R3: The uniqueness of the polynomial P in Theorem T1 comes from the fact that two
polynomials P, Q € C[X], which have the same values on an infinite subset a4, &, ... of C that
isP(a;) = Q(a;) ,i = 1,2,... are identical. Indeed, the polynomial P — Q has an infinite number
of roots, so it is the zero polynomial.

A practical example: Let us find a general term for the sequence: 0, 0, 6, 24, 60, 120.
Let us make a successive difference sequence:
{a,} - 0 0, 6, 24, 60, 120

0, 6, 18 36, 60

0, 0
So, D*{a,} = {0} and, from Theorem T1, we can writt a, = An3 + Bn? + Cn + D, with
AB,C,D € C.
But
0=ap=D
0=a,=A+B+C+D
6=a,=A"22+B-224+C-2'+D
24=a3;=A-3>+B-32+C-3'+D
The determinant of this system is a Vandermond determinant type, and we easily find:
A=1,B=0, C=-1, D=0.

2. The sums S(k,n)

In literature, the sums S(k,n) = 1% + 2% + ... + n*, are called Faulhaber sums.
Here k = 0,1, ... ,and n = 1,2, ... are arbitrarily fixed natural numbers.

Even in the Greek Antiquity such sums appear for k = 1,2.

In 1631, Johann Faulhaber gave formulas (without proof) for S(1,n), S(3,n), ...
He observed that some “mysterious” numbers do appear in his formulas.

In 1713, Jakob Bernoulli gave a general formula (extremely comphcated) for S(k, n), discovering what
we call today the Bernoulli’s numbers B, , By =1, By ==, B, = g ) e
In general, By isthe k — th termen in the Taylor expanswn.

69



k+1
Thus , S(k,n) = ==X ( ' )Brnk T+l
Here,if k+1<r , wetake (kjl)zC,CH:O.

A simple proof of this formula we find in [2].
Here, we do not use such a sophisticated formula. Instead, we use an idea from [1] to find a
recurrence relation for S(k, n), relative to k and n.

Theorem T2 : With the above notation,
k + 1
(Fs SUem) = [+ ve -5z () sG],

Proof:

We can write: S(k+1,n) =1+ X+ D =1+ k+1<k+1>5(] -1)=1+
S(k+1n—1)+(k+1)S(kn—1)+Zk1(k+1)5(/

So, ¥ = 1+ (k + 1SCen — 1) + 57 (k-]l_l)S(]n—l)

Thus S(k,n—1) = ﬁ[nk“ -1-X55 (k + 1)5(/ - 1)]
We make here n + 1, instead of n, and find formula (F;).

3. Proof of Theorem T1

If a, = P(n), n=0,1, ..., for apolynomial P € C[X],degP = k, we easily see that the
sequence D{a,, } is a polynomial in n of degree k — 1.
Thus, D*{a,} will be a polynomial of degree 0, that is a constant ¢ € C,and D***{a,,} = {0}, that
is{a,}isa k—arithmetical series.
Conversely, we assume that D**1{a,} = {0}.
Now, we “goup” from k + 1to k,tok —1,...,up to k = 0. We prove by mathematical
induction that whenever we “go up” from a polynomial sequence (suppose) D*{a, } = {b, },
k > 1, of degree s, to the sequence D*"*{a, } = {c,, }, then the last this sequence is a
polynomial sequence of degree s+1 .
For h = k , since D**{a,} = {0} itis clear that D*{a,,} is a constant sequence, that is a polynomial
of degree 0.
Suppose that all the sequences D*{a,,}, D¥"*{a,,}....,D"*{a,} = {b,,}, 1 < h < k are polynomial
sequencesof degrees 0,1, k—h £ g > 0.
Letus denote D"~ {a, } = {c, }, and let us prove that ¢, = Q(n),n = 0,1, ..., where Q is a
polynomial de degree g + 1.
Indeed, let b, = P(n), where P € C[X],degP = q, P(X) = [, X9+ -+ 1y, l; # 0.
We can write:

c1— ¢y =by=P(0) =1,09 4+ 1, ,0771 .. +1,0' + 1,

cg—cy=by =P1)=1,17+1, 4,197 .+ L1+,

C3—Cy=by =P(2) =129+ 112771 .+ 1,20 + ],

Ch—Cpoy =bp =Pn—-1D) =l,(n—=D+ 1, (n—DI .+ L(n—D' +1,
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We sum the columns and find: ¢, = [(S(q,n —1) + [;_1S(q—1,n—1) + -+
LS(L,n—=1)+nly+ ¢

From Theorem T2, we see that S(q,n — 1) is a polynomial of degree ¢ + 1, S(q — 1,n — 1)
is a polynomial of degree g, etc.

Since [, # 0, we see that ¢, is a polynomial in 7 of degree g + 1 and the induction is over.
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Abstract: The paper presents two generative models, both learning patterns from a dataset and trying to create a
new sample with similar characteristics. In machine learning, based on statistical tools, the generative models try
to understand the data and estimate a probability distribution that matches the dataset's patterns. In reservoir
engineering building realistic subsurface models that capture geological heterogeneity is essential for
forecasting, history matching, and risk analysis. The Sequential Gaussian Simulation (SGS) is a traditional
geostatistical simulation model approach broadly applied and can be used when the parameters of interests
follow a multivariate normal distribution. When the geology is complex, deep generative models such as
Convolutional Variational Autoencoders (CVAEs) have emerged as powerful alternatives or complements to
classical techniques. Hybrid models combine the strengths of both: use SGS to generate prior models with the
geological realism of CVAEs. Their combined use holds great potential for creating fast, flexible, and accurate
models used further for subsurface uncertainty analysis and optimization. In practice, the future of reservoir
engineering may lie in hybrid approaches that combine the strengths of both worlds: geostatistics for
conditioning and uncertainty quantification and deep learning for geological realism.

Mathematics Subject Classification (2010): 62H25, 86A32

Key words: Sequential Gaussian Simulation (SGS), Probabilistic Principal Component Analysis (PPCA),
Convolutional Variational Autoencoder (CVAE), generative models, geostatistics, facies distributions

1. Introduction
In reservoir engineering, modeling the spatial distribution of facies (rock bodies) and
petrophysical properties, such as porosity and permeability, is crucial, as it forms the
foundation for constructing reservoir models that accurately predict fluid flow behavior (oil,
gas, and water). When combined with robust uncertainty quantification, after history
matching, these models support the development of optimized production strategies. The
simulation of facies distribution of a reservoir is a task dedicated to geostatistics, and
depending on the geometry and topology of the facies distribution, one can use two-point
geostatistics or multipoint geostatistics (MPG). While two-point geostatistical models are
well-suited for cases where the spatial correlation of the variable of interest can be
represented using Gaussian variables, multipoint geostatistical models account for non-
Gaussian behavior and more complex spatial patterns. One of the most encountered complex

72



geological models in reservoir engineering is the channelized reservoir. A channelized
reservoir contains complex, meandering pathways of sand or other porous materials (e.g.,
sandstone), which serve as preferential flow paths for fluids such as oil, gas, or water. For
channelized features, the spatial continuity and connectivity of facies play a dominant role in
flow. Hence, accurate modeling is critical to optimizing well placement or reducing
uncertainty in recovery estimates (how much oil/gas we think we’ll get from the reservoir).

In this paper, we present two generative models that replicate the behavior of traditional
geostatistical simulation techniques: Sequential Gaussian Simulation (SGS, [2], [4]) and
Multipoint Geostatistical Simulation (MPS, [9]). SGS is a widely used method for simulating
continuous spatial variables, relying on the assumption of a Gaussian random field. We
demonstrate that the results produced by SGS can be effectively reproduced using a
Probabilistic Principal Component Analysis (PCA, [7]) framework. Similarly, we show that
MPG simulations can be approximated through the implementation of a Convolutional
Variational Autoencoder (CVAE, [1]). The aim of this study is to illustrate how machine
learning—based generative models can serve as viable alternatives to classical geostatistical
approaches for modeling facies distributions.

2. Methodologies

2.1. Sequential Gaussian Simulation (SGS)

SGS is a geostatistical technique used to generate multiple equiprobable realizations of a
spatial property field under the assumption that the data are multi-variate Gaussian-
distributed. We are using here SGS to generate Gaussian Random Fields (GRFs). They are
fundamental in probability theory and spatial statistics, and are often used in areas like
geostatistics, machine learning, image analysis, and physics (especially in cosmology and
statistical mechanics).

A GREF is a collection of random variables indexed by a multi-dimensional space such that
any finite subset of these variables has a multivariate normal (Gaussian) distribution.

Formally, a GRF, f(X),X € R"satisfies: for any finite set of points
X, X,,---, X,y € R" the vector (f(X,), f(X,), -+, f(X,)) follows a multivariate

normal distribution.
SGS is a widely used method for simulating GRFs in spatial domains, particularly in
geostatistics. It allows generating multiple realistic realizations of a spatially correlated
variable (like mineral content, porosity, etc.) that honor both the known data and the spatial
correlation structure. SGS generates realizations sequentially, one grid point at a time,
conditioned on: known data (e.g., measurements), previously simulated values, a covariance
model (variogram or kernel).
SGS algorithm involves [2, 4]:
1. Transforming data to a standard normal distribution.
2. Compute the experimental variogram and fit it with an appropriate variogram model
based on the normal score transformed data.
3. Define a random path such that it passes through all the unsampled locations only
once.
4. Applying simple kriging at each step based on known and previously simulated values
and adding a random component to maintain variability.
5. Back-Transform: convert simulated values back to original data scale using inverse
transformation.
A flow diagram of SGS method is presented in Fig. 1.
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Fig. 1 SGS flowchart for building one stochastic realization

2.2. Probabilistic Principal Component Analysis (PPCA)

Principal Component Analysis (PCA) is widely recognized as a linear dimensionality
reduction technique. However, under certain assumptions, it can also function as a generative
model, particularly in fields such as geostatistics, computer vision, and reservoir modeling. In
the generative modeling framework, the goal is to learn the underlying data distribution so
that new samples resembling the training data can be generated. PCA operates under the
assumptions of linearity and Gaussianity: it assumes that the data follows a multivariate
Gaussian distribution, and that new samples can be generated within a reduced latent space
and then projected back to the original feature space. When PCA is formulated
probabilistically, referred to as Probabilistic PCA (PPCA), it enables the generation of new
data points by estimating the underlying Gaussian distribution and sampling from it. The core
idea is to infer the distribution from the observed data and simulate new instances drawn from
the same probabilistic structure. In this way PPCA works as a Generative Model [3, 7]. The
PPCA method is as follows:

1. Training Phase
Stepl: Let’s assume that we have available a set of N data

X =(X, X000 X ) (X)) iy R

All  samples are from a multivariate Gaussian distribution NV ()_(;C )where

_ N
X = 1 ZX . €R" is the mean and the covariance matrix C = NLAAT € M, (R) is compute

i=l1 -
after we center the data A:[Xl—)_( X,-X .. XN—)_(]eMn’N(R).
Step 2 Perform Singular Value Decomposition (SVD) for matrix A4:

A=USV",UeM,(R),SeM,,(R),V eM,(R),

c= b g1 yspr (USVT )T - usyrstur = usstur—u L _sstuT =
N-1 N-1 N-1 N-1 N-1
D
1 1
C=U S)( STU"Y=(U—= S)(U =33,
JN-1 “JN-1 \/ \/
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2. Generative Phase
Step 3: Rewriting the data matrix A

A= X,-X X,-X .. XN—)_(]zUSVTz(U

JN -1

1 ~
1 SJ(\/NEIV )=SEeM,  (R),

g=[g" &® .. gV ]eM (R)

Step 4: Rewriting each data in a decomposition form

X -X=3EDi=LN=>X, =X+3EVi=1,N.

PPCA can be regarded as a Generative Model because once trained, new realizations of the
data space can be generated. A sample latent variable ¢ ~ NV (0; 1, ) from a standard normal

distribution can generate new data from the same Gaussian distribution as the original dataset,
applying the transformation equation derived from PCA:

New _data = }+Zg.

2.3. Convolutional Variational Autoencoder (CVAE)

Recently, deep learning-based generative method, particularly Convolutional Variational
Autoencoders (CVAEs, [1]), have emerged as powerful alternatives or complements to
classical techniques. Generative models are a class of machine learning models that learn the
probability distribution of data and can generate new samples from that distribution. In
geomodelling, this means creating new, realistic realizations of geological structures like:
facies distributions, porosity or permeability fields, channelized systems.

An autoencoder is an unsupervised neural network designed to learn complex representations
of data. While it is commonly used for tasks such as data compression and noise reduction,
autoencoders have, particularly over the past decade, gained widespread use as foundational
components in deep generative models. Autoencoders are applied to many problems,
including facial recognition, feature detection, anomaly detection [8] etc.

They are composed of two parts: an encoder and a decoder as seen in Fig. 2. The output layer
of the encoder is also the input layer of the decoder, and it is called the latent layer or space,
and represents the reduced representation of the input data. The role of the encoder is to
extract a data representation in the latent layer. The decoder tries to reconstruct the data from
the compressed representation.

ENCODER e e e — f
LCatent 1
: Laver 1 :
1 Code 1 1
1 - : (] E [ ]
1 1 = 1
1 q:'-‘-— 1 1 o ]
1 = 1 ] — ]
1 = 1 h 1 -5 1
1 = 1 1 =2 1
= ' ' =5
1 b 1 1 o 1
1 1 (] 1
1 1 1 ]
1 1
1 1
1 1
1

Fig. 2 Schematic architecture of a VAE

A variational autoencoders (VAE) is a type of autoencoder designed for probabilistic,
generative modeling. Instead of encoding inputs to fixed latent vectors, VAEs encode them
into distributions (typically Gaussian), allowing them to generate new data by sampling. This
probabilistic approach allows the VAE to generate a more continuous and easier to interpolate
latent space than standard autoencoders [3, 5, 6].
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Fig. 3 VAE architecture with fully-connected layers

The architectures shown in Fig. 3 rely on fully connected layers, which scale poorly: as input
dimensionality grows, the number of trainable parameters increases dramatically when the
size of the input space is large. In reservoir models, for instance, the grid can easily
encompass hundreds of thousands of blocks, causing the parameter count to become
unwieldy. For this reason, to overcome these limitations, we are using a Convolutional
Variational Autoencoder (CVAE) based on convolutional neural networks to construct the
encoder and decoder of our VAE network. Convolutional neural networks are specialized in
data with a grid structure, such as images and time series. By combining the representational
power of convolutional neural networks (CNNs) with the probabilistic formulation of
Variational Autoencoders (VAEs), CVAEs offer a scalable and robust framework for
subsurface property reconstruction, uncertainty quantification, and history matching. CVAEs
consist of three main components [1, 5, 6]:

- Encoder: Maps high-dimensional input (e.g., permeability fields, seismic sections) to a
latent space by learning the parameters of a probability distribution (usually
Gaussian), using convolutional layers to preserve spatial structure.

- Latent Space Sampling: Uses the reparameterization trick to allow stochastic sampling
from the latent distribution:

Z=u+oZ,Z~N(0,1,).

- Decoder: Reconstructs the input data from the sampled latent variable, also using
convolutional layers.

Mean
[ ‘ 2
X ENCODER | — 7 |_, | DECODER :
| ‘%" P(z|X) | Pi(X|2) A
L J Lz i
Input-Image L::::E“!::m Predicted-Image from Z
\.‘nrﬁur

Standard Deviation
Fig. 4 A general CVAE architecture

A general framework of the CVAEs architecture is depicted in Fig. 4.
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3. Case studies

PPCA for Simulation of Gaussian Random Fields (GRF’s)

The main idea is to sample from a multivariate Gaussian distribution learned from a dataset
(training set). Consequently, we first generate with SGS a dataset of N=120 samples of GRFs.
Each GRF is defined over a two-dimensional domain with 100 x 100 grid points, resulting in
a 10,000-dimensional representation. In GRFs, anisotropic covariance structures with varying
length scales (long and short) describe spatial relationships, where correlation decays
differently in different directions. This means that the influence of a point on its surroundings
isn't uniform; it's elongated or stretched in some directions and compressed in others. The
Gaussian, Exponential, and Spherical covariance types are parametric models used to describe
spatial or temporal correlation in data used in our simulations. They differ in how they model
the decay of correlation with increasing distance or time lag. The Gaussian model is
characterized by a smooth, bell-shaped decay, the Exponential model by a more rapid decay,
and the Spherical model by a sharp cutoff beyond a certain distance. The mean of the fields is
set to zero, while the various covariance structures were employed. Secondly, using the PPCA
approach, we generate new samples from the learned Gaussian distribution.

Experiment 1: Gaussian type, anisotropic long length 50, short length 10 direction 120’

New image Ori g inal lmage reconstructed Original Image

RN S
|
40 1 a0
60 -~ 1 60 - -
T —
- ; : 100 \_. oo W \

20 20 40

New Data—XJer’ i X, =X +x& £ .

Fig. 5a PPCA reconstruction of GRF’s

New image 1 New imige 2 New image 3

/

\

D[] 0o

Fig. 5b PPCA simulation

Figure 5a presents at the right-hand side a sample of the GRS’s used for training (simulated
with SGS). This GRF’s is reconstructed with the Gaussian deviate &, with the equation
X, = }+Z§i. The reconstructed GRFs is presented in the middle of the figure and is equal

with the original. Using the above equation and simulating newly uncorrelated Gaussian
deviates we can generate new GRF’s samples from the same distribution. Three of these
simulations are presented in Fig. 5b.
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The same behavior is encountered when using SGS in combination with the covariance model

with the exponential type (Fig. 6a and Fig. 6b) and the covariance model with the spherical
type (Fig. 7a and Fig. 7b).

Experiment 2: Exponential type, anisotropic long length 50, short length 10 direction 60°

Original Image reconstructed Original Image
i =, e = g

X, =X +XZ&W

Fig. 6a PPCA reconstruction of GRF’s with exponential type covariance model

New image 3
& "

Fig. 6b Exponential type

Experiment 3: Spherical type, isotropic correlation length 30

Original Image reconstructad Original Image

New__Data=X +XZ& X, =X +Z&0

Fig. 7a PPCA reconstruction of GRF’s with spherical type covariance model
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Fig. 7b Spherical type

The following experiment shows the limitation of the PPCA generative model: The non-
Gaussianity.

Experiment 4: Non-Gaussian data (channelized fields)
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Fig. 8a PPCA reconstruction of channelized field

Fig. 8b Simulations with PPCA

The training set consists of 120 channelized fields with three facies types (Fig. 8a), generated
using the Single Normal Equation Simulation method implemented in the SGEMS software.
These simulations are based on a training image that shares the same geometric and
topological characteristics as the desired channelized fields. However, Sequential Gaussian
Simulation (SGS) is not appropriate for generating channelized reservoirs, as it is designed for
Gaussian-distributed data and assumes spatial normality. When applying the Probabilistic
Principal Component Analysis (PPCA) method, it is possible to reconstruct the original
training data (Fig. 8a). However, when generating new samples, the results fail to exhibit the
characteristic channelized structure (Fig. 8b), indicating that PPCA does not adequately

capture the underlying probability distribution of data.
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To address this limitation, a more sophisticated mathematical framework is required, namely,
the Convolutional Variational Autoencoder (CVAE). Unlike PPCA, which was trained on
only 120 samples, CVAEs require significantly larger datasets due to the higher complexity
and dimensionality of the reservoir domain. In our case, the reservoir domain consists of
10,000 grid cells, for which the CVAE was trained using 45,000 channelized reservoir
samples, with an additional 15,000 samples reserved for model validation. The facies
distribution images are composed of three features, green, red, and blue. Eight representative
samples are shown in Fig. 10.

The CVAE is capable of learning the complex probabilistic distribution of these images,
encoding each one into a latent space represented by a standard Gaussian variable. By
randomly sampling from this latent space and applying the conditional distribution learned by
the decoder, new geologically realistic samples can be generated. Figure 9 illustrates a
simplified version of the CVAE architecture used in our implementation.

ENCODER DECODER
F;(2|X) Py(X|Z)

Sampled
Latent-Vector

Variance or
Standard Deviation

Fig. 9 Convolutional Variational Autoencoder (CVAE)

Fig. 11 Generation of new data with CVAE

Figure 11 presents four simulated fields generated using CVAEs, along with their
corresponding latent space variables. The figure demonstrates that the CVAE-generated
simulations successfully preserve the channelized structures learned from the training set,
maintaining a high degree of geological realism.
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4. Conclusion

This work compares two generative modeling approaches: Probabilistic Principal Component
Analysis (PPCA) and Convolutional Variational Autoencoders (CVAEs). PPCA, a linear and
computationally efficient method, is effective for datasets with Gaussian distributions and
linear structure. However, it struggles with non-linear or complex spatial patterns, limiting its
applicability in more geologically realistic contexts. CVAEs, by contrast, leverage deep
learning and convolutional neural networks to model non-linear, high-dimensional spatial
data, such as channelized geological structures. While CVAEs offer greater flexibility and
realism, they require larger training datasets, more computational resources, and are harder to
interpret. Traditional methods like Sequential Gaussian Simulation (SGS) remain valuable,
especially when data is sparse or variogram models are well-defined. However, SGS is
limited in its ability to capture non-Gaussian features or complex structures.

In summary, PPCA is suitable for simple, linearly structured data where speed and
interpretability are key, while Autoencoders, particularly CVAEs, are better suited for
modeling complex, non-linear geological features. The choice of method should be guided by
data complexity, modeling goals, and computational constraints. Hybrid approaches that
combine geostatistical methods with deep learning may offer the best of both worlds,
balancing uncertainty quantification with geological realism.
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DYNAMIC LOAD RESPONSE OF SUSPENSION BRIDGE CABLES
TEODORESCU NARCISA

ABSTRACT. This paper investigates wave propagation in the steel cables of suspension
bridges, focusing on the application of the wave equation. The study highlights the
critical role of main cables in ensuring the structural stability of suspension bridges,
particularly under dynamic loads such as wind. We derive and compute the wave propa-
gation velocity in a steel cable using fundamental physical properties, demonstrating how
external forces influence the mechanical disturbance propagation. Numerical examples
illustrate the effects of varying wind speeds on wave motion and cable deformation. The
findings contribute to a deeper understanding of vibration behavior in suspension bridge
cables, which is essential for optimizing their design and durability.

Mathematics Subject Classification (2010):74H45, 74F10,
Key words: dynamic problems, wind force, suspension bridges, mechanical disturbance

1. INTRODUCTION

The wave equation and the associated solution methods (such as d’Alembert’s formula)
can be applied to various problems in civil engineering. In this paper we have chosen
to present its use in the wave propagation velocity in the steel cables of a suspension
bridge. Suspension bridges rely heavily on their main cables for structural integrity,
safety, and longevity. These cables support the deck and distribute loads efficiently,
making their strength a critical factor in bridge design. The main cables of a suspension
bridge carry the entire dead load (bridge structure) and live load (vehicles, pedestrians,
wind, earthquakes). They transfer these forces to the towers and anchorages, ensuring
the bridge remains stable. If the cables lack sufficient strength, the bridge risks excessive
sagging or even failure under heavy loads.

Suspension bridges face extreme conditions:

e Wind loads (e.g., Tacoma Narrows Bridge collapse in 1940 due to aerodynamically
induced oscillations).

e Seismic activity, requiring cables that can absorb and dissipate energy.

e Temperature variations, which cause cables to expand and contract.

2. VIBRATIONS IN STAINLESS STEEL BRIDGE CABLES

Steel cables play an essential role in the construction of suspension bridges, as they
are the main elements that support the weight of the structure and allow large spans to
be built without intermediate support. Suspens suspension bridges need to be flexible to
withstand external forces such as strong winds or seismic activity. Steel cables allow this

flexibility, reducing the risk of collapse or severe damage. The use of steel cables reduces
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the overall weight of the bridge compared to supporting structures made of concrete or
other materials. This contributes to structural efficiency and significant material and
construction cost savings. First, we propose to calculate the speed of wave propagation
in the steel cables of a suspension bridge.

The wave propagation velocity (v) in a cable can be estimated using the formula

v =

T
I

where

e T is is the tension in the cable (in Newtons)
e 4 is the linear mass density of the cable (in kg/m), given by:

m
= — = A

where p is the material density (in kg/m?), and A is the cross-sectional area of the cable
(in m?)

Example 2.1. We consider a suspension bridge with stainless steel cables. We calculate
the wave propagation velocity in the stainless steel cable.
Given Data:

Material: Steel

Density of steel: p = 7850kg/m?
Cable diameter: d =0.1m
Tension in cable: T = 500,000 N

Step1. Compute Cross-Sectional Area
The cable has a circular cross-section, so:

d\> 12
A=n (5) =7 (%) = 7(0.05)% = 0.00785 m?

Step 2. Compute Linear Mass Density
pu = pA=(7850)(0.00785) = 61.6 kg/m

Step 3. Compute Wave Velocity
The formula for the wave velocity 1s:

T /500,000
— [ = 90.05
= 61.6 m/s

3. PROPAGATION OF A MECHANICAL DISTURBANCE ALONG A STEEL CABLE

In order to analyze a mechanical disturbance on a steel cable of a suspension bridge,
we can use the wave equation and the cable-specific conditions. We will analyze how an
initial disturbance (e.g. a displacement or a mechanical impulse) propagates along the

cable.
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Example 3.1. Let the wave equation for the cable be

Pu 0%

o~ o

where

u(z,t) is displacement u of the abscissa point x at time t

v 1s the wave propagation velocity.

From the example above we calculated the speed v ~ 90.05m/s.
Initial conditions of the problem

o Let us consider an initial localized perturbation, such as:
u(z,0) = Ae_“(x_x°)2,

where:

A is the maximum amplitude of the disturbance;

a controls the width of the perturbation (how fast it decreases with x);
xo 18 the initial position of the perturbation.

o The initial speed of the cable is zero:

ou

Solution of the wave equation
Using d’Alembert’s principle for the wave equation:

u(z,t) = %[u(m —vt,0) + u(z + vt,0)],

Substituting the initial conditions, we have:

u(fL" t) = g [e—a(x—vt—xo)Q + e_a(x+vt—$0)2:| '

This represents two Gaussian waves, one propagating to the right and the other to the

left.

0.008
0.007
0.006
0.005
u(x)004
0.003
0.002
0.001

0
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At t =0, the disturbance is concentrated around x.
As time progresses:

e One wave propagates to the right with speed v = 90.05m/s.
e The other wave propagates to the left with the same speed.

The shape of the disturbance (Gaussian) remains unchanged, as there is no dissipation in
this ideal equation.

The addition of an external force, such as wind, modifies the wave equation by intro-
ducing a term that describes this influence. In the case of a constant wind force, the wave

equation becomes:
Pu 0%

— =v"—= + F,(x,t),

ot? 0x? (1)

where:

F,(x,t) is the external force term due to the wind. This force may depend on position

and time and is expressed as a distribution of air pressure applied to the cable.

We will revisit Example 3.1. for a wind force of 20 km/h.

Example 3.2. First, we calculate the wind force F,,. We use the following formula:
Fw = PaCdAU?U
where:
e p, = 1.225kg/m? (air density)
e Cy =12 (aerodynamic drag coefficient)
e A=0.007m (exposed area of the cable per unit length)
e v, =20km/h = 5.56 m/s (wind speed which is assumed to be constant)
We will get
F,=1.225-1.2-0.007 - (5.56)* ~ 0.318 N/m
The new wave equation will be
Pu 0%
— =0v"— +0.318
oz~ Vg T
The general solution s
U(.CC, t) = uhomogeneous (Q?, t) + Uprivate (1:7 t)
where

® Upomogeneous (T, 1) is the solution of the equation without force F,
® Uprivate(T, 1) is the solution due to the constant force F,,

For a constant force F,, the particular solution is

u (z,y) = By o
- _ tw 27
private\ 4y ,02 9

Thus 0,318 , ,
31 x x 9

Uprivate (T, 1) = 90.05)2 g 0.317 - 5 0.158z

5

0]



The complete solution is

u(z,t) =

A
2

e—a(x—vt—m0)2 _|_ e—a($+vt_10)2:| —|— 0158:1:2

0.06
0.05
0.04
u(x,t0.03
0.02
0.01

The displacement due to the wind force u,rivate introduces a parabolic static deformation
and indicates an additional load on the cable.

We will revisit Example 3.2. for a wind force of 50 km/h.

Example 3.3. If the wind has a speed of v, = 50 km/h = % ~ 13.89m/s, we recalculate
the force F,, and redo the analysis.

F, =1225-1.2-0.007 - (13.89)% ~ 1.985N/m
The new wave equation will be
Pu 0%
— =0v"— +1.985
oz~ Va2 T
The general solution is
’U,(.'E, t) = uhomogeneous (.’E, t) + uprivate(x; t)

For a constant force F,, = 1.985N/m the particular solution is

F, z?
uprivate(xa y) = F : E
Thus
1.985 22 x2 9
Uprivate (T, ) = @052 2~ 0.00025 - - & 0.000125z

The complete solution is

u(z,t) =

N[

[e—a(x—vt—xo)2 + e—a(x+vt—$0)2] + 0000125$2
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It 1s observed that the initial Gaussian perturbation continues to propagate in both direc-
tions at a speed of v = 90.05m/s. The term 0.000125x introduces a more pronounced
parabolic static deformation than in the case of a 20 km/h wind.

4. CONCLUSIONS

In this study, we analyzed wave propagation in steel cables of suspension bridges, ap-
plying the wave equation to determine the speed of mechanical disturbances. Our calcu-
lations demonstrate that the structural integrity of suspension bridge cables is influenced
by several factors, including material properties, cable tension, and external forces such
as wind. Numerical examples provided highlight the impact of different wind speeds on
wave motion and cable deformation, highlighting the importance of considering aerody-
namic effects in bridge design. The results emphasize the need for continuous monitoring
and advanced modeling techniques to predict and mitigate potential structural instabili-
ties. Future research could explore the effects of additional dynamic forces, such as vehicle
loads and seismic activity, to develop more comprehensive models to improve the strength
and safety of bridges.
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1. INTRODUCTION

In the study of continuous stochastic process and martingale theory, a common require-
ment is that the filtration is right-continuous. In the present paper, we give an example of
a continuous stochastic process whose natural filtration is not right-continuous and we
then prove the claim that a filtration that is complete is right-continuous.

2. RIGHT-CONTINUITY AND COMPLETENESS

Let us denote by (2, F,F,P) a filtered probability space with filtration F = (F;):>o.
We recall that a filtration is a sequence of increasing sequence of sub-o-algebras of F.
Furthermore, let us denote by A the set of all null sets of F.

Definition 2.1. A filtration is right-continuous if
Fo=(F: forallt=>0.

s>t
Definition 2.2. A filtration is complete if

o for all A € F with P(A) =0 and B C A, we get B € F and P(B) = 0.
e cach F, contains N.

Definition 2.3. A filtration satisfies the usual conditions if it is complete and right-
continuous.

In what follows, we will assume we have a continuous stochastic process (X;):>o. From
now on, we shall furthermore assume that [F is the natural filtration with respect to the
stochastic process (X¢)¢>o, i.c.

Fii=0(Xs:5<1).
88



3. AN EXAMPLE OF A CONTINUOUS STOCHASTIC PROCESS WHOSE NATURAL
FILTRATION IS NOT RIGHT-CONTINOUOUS

A natural question that arises in the study of stochastic process is whether or not
any continuous stochastic process has a natural filtration which is right-continuous. The
following example illustrates that this is not necessarily the case.

Example 3.1. Let Q = {0,1} and denote the stochastic process X;(w) : Q@ — [1,400) by

1, ifw=0
Xi(w)=<1, ifw=1andt <1
t, ifw=1landt>1
Observe that (X))o is continuous in t. Furthermore, observe that for t < 1, we have
that X;(0) = X,(1) = 1, so that the generators of the type {X; < k} are always either () or
Q. Therefore F, = {0, Q} fort < 1.
On the other hand, when t > 1, we have X;(0) = 1 and X;(1) = t. Therefore, in this
case, the generators are now also of the type {X; < k} = {0} when 1 <k < t. In this case,
we have F; = o({0}) = {0, {0}, {1}, Q}.

To conclude, note that for t =1, we have

0,9} = 71 # (| F. = {0,{0}, {1}, 2}

s>1
4. RIGHT-CONTINUITY OF NATURAL FILTRATIONS FOR FELLER PROCESSES

In the last part of this article, we shall show right-continuity for a large class of stochastic
processes, namely Feller processes. For many practical purposes, this class is large enough
as it contains many of the "usual” continuous stochastic processes, such as Brownian
motion, Poisson processes and Lévy processes.

To define a Feller process, we first have to define what a Markov orocess is. This is
going to be based on [1].

Definition 4.1. A process (Xi)i>o is Markov with transition function P = {P,}, and with
respect to a filtered probability space (2, F,F,P), if it is adapted and satisfies
E[f(Xy) | Fs] = P—sf(Xs) a.s.

for all s < t.

Let us now define the class of Feller processes, which is a subclass of Markov processes,
as in [2].
Definition 4.2. Let E be a locally compact space. Then, a transition function {P;}i>o is
called Feller if, for all f € Cy(E),

(1) Ptf € OO(E>7
(2) t — P.f is continuous with respect to the norm topology on Cy(E),
(3) Pof = f.
A Markov process X whose transition function is Feller is called a Feller process.
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We now show that the natural filtrations of Feller processes are right-continuous, following
the proof in [3].

Theorem 4.3 (Theorem 4). Let (X;)i>o be a Feller process and
Fr=0({Xs: s <t}

be its natural filtration. Suppose that F;X is complete. If this is not the case, then use the
augmented sigma-algebra

Fi=0({Xs:s<t}UN)

Then, {F;}i>o0 is a right-continuous filtration, i.e.

ft:ﬂfs.

s>t

Proof. Suppose that (X;);>o is Feller with state space E and transition function {P;};>.
Let

Fip = ﬂ Fs.

s>t

We will prove that

ElZ | Fir] = E[Z | F]
a.s. for every bounded F,-measurable random variable Z, where Fo, := o({X;: t € R} }).
It is sufficient to prove the result for Z of the form

(4'1) Z:fl(th)"'fn(th)

where t; < .-+ < t,, and functions fi,..., f, € Co(F). The monotone class theorem for
functions then extends this result to all bounded and F..-measurable Z.

Consider first Z = f(X7) for some time 7' > ¢ and f € Cy(E). As the Feller process
X admits a cadlag modification (for a proof, consult [2, Theorem 3]), Pr_.f(X;) will be
right-continuous in probability with respect to t. Applying the Markov property yields

E[f(Xr) | Fii] = lim E[f(Xy) | F,]
= 1i_>rn Pr f(X3,)

— Pr (X)) = E[f(Xr) | Fi],

where t,, | t.

We now extend the result to a product of n times. We proceed by indunction over n.
Above we have proved the case n = 1. So, suppose that (4) holds for some n — 1, where
n > 2. If t,, <t, then Z is F;-measurable, and the result is trivial.

If t, >t >t, 1, then setting Z' = fi(Xy,) -+ fu_1(Xs, ,) gives

E[Z ’ -7:t+] = Z/E[fn(th) | ~7:t+}90: Z/E[fn(th) | ]:t] = E[Z | ]:t]-



Finally, if ¢,,_1 > t, then setting

fn_1($) = fo-1(2) Py, fulx) and  Z'= fi(Xy,) - fn—2(th72)fn—1(th71)a
and using the Markov property gives Z' = E[Z | F;,_,]. By the induction hypothesis (4)
with Z" in place of Z,

E(Z | 7] =E[Z' | 7] = E[Z' | B] = E[Z | F]
as required.

Therefore, the (augmented) natural filtration of a Feller process is right-continuous. [

5. CONCLUSION

The present paper presents an elegant counter-example to the claim that every continuous
stochastic process has a right-continuous natural filtration. We then introduce the concept
of Feller processes, which is a large class of stochastic processes satisfying the Markov
property, and we prove that all Feller processes have right-continuous natural filtrations.
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1. Euler spherical triangles on a sphere
The reason of this paper is to bring together some results that concern solution of Euler
spherical triangles.
In first section, we give a brief account on the elementary notions from spherical geometry.
A great circle on a sphere is the intersection of the sphere with a central plane, a plane
through the center of that sphere. A great circle is the largest possible circle that can be drawn
on a sphere, and it divides the sphere into two equal hemispheres.

e
A
LiLLld

Fig. 1.1. Great circle Fig. 1.2. Great circles

A spherical triangle is a figure on the surface of a sphere bounded by three great circle
arcs. The sides of a spherical triangle are all arcs of great circles and the angles of a spherical
triangle are measured in the plane tangent to the sphere at the points where the great circle
arcs intersect. The sides and the angles of a spherical triangle are all expressed in angular
units (degrees-minutes-seconds or radians) and not in linear measure (metres or kilometres).

A spherical triangle can be classified based on its sides and angles: quadrantal (one of its

sides has the magnitude equal to 90 ), right-angled triangle (one of its angles is equal to
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90 ), oblique (not a quadrantal or a right-angled one), isosceles (two of the sides and two of

the angles opposite are equal), equilateral (all three sides and all three angles are equal).
Remark 1.1. There are spherical triangles which have two sides equal to a quadrant, three

sides each a quadrant, two right angles, three right angles, two obtuse angles or three obtuse

angles.
Throughout the work, as with planar triangle, we denote the three angles of a spherical

triangle by upper-case letters A, B, C and the sides opposite to them by lower-case letters

a,b,c.
In all the discussion that follows, we shall consider Euler spherical triangles constructed

on a sphere, for which all the sides and all the angles are less than 180 .

A

Fig. 1.3. Spherical triangle Fig. 1.4. Six elements of spherical triangle

Remark 1.2. ([3], [4]) For an Euler spherical triangle A B C formed on a sphere of radius
R, the following rules are verified:

1) a,b,c 180 ; A, B, C 180.
20 a b ¢ 360

3)180 A B C 540 .

4a b c,a ¢ b b c a.

51fa b c,then A B C.

6) If two angles are equal, the opposite sides are equal; and conversely.

7) If two angles are unequal, the opposite sides are unequal, and the greater side is
opposite to the greater angle; and conversely.

8) The area is given by: Area ABC R?, where A B C 180 —_—
180

is called the spherical excess.

2. Solution of ambiguous spherical triangles

The solution of spherical triangles is the most important goal of spherical trigonometry:
known the values of three elements of the spherical triangle, compute the values of the other
three elements by applying the spherical trigonometric formulas given in the next section.

Therefore, six cases are possible:

1) Case 1: three sides are known (Case SSS).

2) Case 2: three angles are known (Case AAA).

3) Case 3: two sides and their included angle are known (Case SAS).
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4) Case 4: two angles and their included side are known (Case ASA).

5) Case 5: two sides and an angle opposite one of them are known (Case SSA).

6) Case 6: two angles and a side opposite one of them are known (Case AAS).

Remark 2.1. When we solve spherical triangles for which three parts are known, the only
cases in which there is any uncertainty are the last two (Case SSA and Case AAS). When an
element of a spherical triangle is obtained by applying the Law of Sines (Case SSA and Case
AAS), there is often some difficulty in establishing whether the element found belongs of the
first quadrant or of the second quadrant, hence if we have two solutions (i.e. two spherical
triangles), or if we have only one solution (i.e. one spherical triangle), or if we have no
solution (i.e. no spherical triangle).

These two ambiguous cases of spherical geometry are presented in the following theorems:

Theorem 2.1. (Case SSA) ([4])

To find a spherical triangle ABC when two sides BC a, AC Db, and the angle A

opposite to a are the known elements, the following situations may be possible:
sinb sin A

1) If sina sinbsinA,then sinB  ———— 1 (i.e. the angle B does not exist) and
sina
there is no spherical triangle that satisfies the given conditions.
2) If sina sinbsin A, then sinB M 1 (i.e. B 90 ) and there is an
sina
unique triangle AB C which has the given elements.
. . . . sinb sin A . .
3)If sina sinbsinA, then sihnB  ———— 1 (i.e. there are two admissible
sina

values of B obtained by the above equality: one a positive acute angle B and the other its
supplement, 180 B, or there is no value of B) and it follows:

a) when A 90 , then:
there are two spherical trianglesif a b anda 180 b
there is only one spherical triangle if a lies between b and 180 b
there is no spherical triangleif a banda 180 b
b) when A 90 , then:
there are two spherical trianglesif a banda 180 b
there is only one spherical triangle if a lies between b and 180 b

there is no spherical triangleif a b and a 180 Db.

Theorem 2.2. (Case AAS) ([4])
To solve a spherical triangle ABC when two angles A, B, and the side BC a

opposite to A are given, the following situations may be possible:

1) If sinA sinasinB, then sinb % 1 (i.e. the side b does not exist) and
there is no spherical triangle which satisfies the given conditions.

2) If sinA sinasinB, then sinb sm:m—SXIB 1 (i.e. b 90 ) and there is only
one triangle A B C which has the given elements.

3)If sin A sinasinB, then sinb Sm:m—sX]B 1 (i.e. there are two admissible values
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of b furnished by the above equality: one a positive acute side b and the other its
supplement, 180 b, or there is no value of b) and it follows:

a) when a 90 , then:
there are two spherical trianglesif A Band A 180 B
there is only one spherical triangle if A lies between B and 180 B
the triangle required is impossibleif A Band A 180 B

b) whena 90 , then:

there are two spherical trianglesif A Band A 180 B
there is only one spherical triangle if A lies between B and 180 B

the triangle required is impossibleif A Band A 180 B.

3. Spherical Trigonometric Formulas

In this section are given without proof some basic trigonometric formulas used to solve
practical problems.

The Spherical Law of Cosines for sides (relations between three sides and an angle; [3],
[4]):
cos a cos b cos ¢ sin b sin ¢ cos A
cos b COS a cos C sin a sin ¢ cos B
cos ¢ cos a cos b sin a sin b cos C

The Spherical Law of Cosines for angles (relations between three angles and a side; [3].

[4]):

cos A cos B cos C sin B sin C cos a
cos B cos A cos C sin A sin C cos b
cos C cos A cos B sin A sin B cos ¢
The Spherical Law of Sines (are relations between two angles and tow sides; [3], [4]):
sin a sin b sin ¢

sin A sin B sinC
Napier’s Analogies (relations between five elements; [3], [4]):

A B . A B
a b c oS 5 a b c sin 5
tan tan - — < tan tan — — £
A B 2 2 . A B
oS sin
oS sin
tan A B cot —- ———&% tan A B cot <
2 a b 2 .
oS sin
B C . B C
b c a cos 5 b a sin 5
tan tan — ———& tan tan — —5—
B C 2 2 . B C
c0S sin 5
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cos sin
tan B_C cot A _ tan B_C cot — 2
2 b ¢ 2 2 . b ¢
cos sin
C A .. C A
¢ a b cos c a b sin 5
tan tan 5 T ¢ A tan 5 tan 5 T ¢ A
cos sin
2
cos c a sin c a
an & A cot% —Cza tan CZA cot% ——
cosS sin

Delambre-Gauss six-part rules (relations between all the six elements of the triangle and
may be used as check formulas; [3], [4]):

. A . b c . a B C . A b ¢ a B
sin — sin ——  sin — CosS sin — c0S ——  C0S — COS
2 2 2 2 2 2 2
A . bec .. a . B C A b ¢ a . B C
cos — sin ——  sin — sin COS — C0OS ——  CO0S — sin
2 2 2 2 2 2
.. B . ¢ a .. b C A . B c a b C A
sin — sin —— sin — cos sin — coS —— COS — COS
2 2 2 2 2 2 2
B . c a . b . CA B cC a b . C A
coOs — sin —— sin — sin COS — COS —— COS — sin
2 2 2 2 2 2 2 2
.. C . ab . C A B . C ab C A B
sin — sin —— sin — cos sin — Cc0S —— CO0S — COS
2 2 2 2 2 2 2
C . ab .. ¢ . A B C ab c . A B
cos — sin —— sin — sin COS — C0S —— C0S — sin .
2 2 2 2 2 2 2 2

Observation 3.1. The results obtained should always be checked:

4. MathCAD algorithms for solving ambiguous spherical triangles
Example 4.1. A MathCAD worksheet for computing a spherical triangle A B C in Case SSA,
whose partsare BC a 21 32'15", AB ¢ 65 07'13",and C 135 10'23".

Solution. Case SSA: This is an ambiguous case and there may be one or two solutions
ORIGIN 1

The convert function for sides and angles in radians:

g M s

180 60 602

The convert function for sides and angles in DMS (degrees-minutes-seconds):

Fdms:
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180

d floor — x
M x : floor 60 m 180 X
round 60 m 60 180 X
where d X X it x 0 m x x  floor x

180 x otherwise

round x if x floor x 0.5 floor x , ceil x
The magnitude of the side a in radians: a: F 21,3215 a 0.375rad
The magnitude of the side c in radians: c: F 657,13 c 1136 rad

The measure of the angle C in radians: C: F 135,10, 23 C 2359 rad

For the ambiguous case SSA, we compute:
sin ¢ sina sin C 0.648

c a 0761 C a 1.629

Since sin ¢ sin a sin C 0,C 13510'23" 90,a c a, there is one
value of the angle A and thus only one spherical triangle ABC.
Using Law of Sines, solve sin A :

sina sin C

SinA: - sinA  0.285
sin ¢
Measure of the angle A in radians: A: asin sinA A 0.289 rad
16
Measure of the angle A in DMS: M A 34
31
Using Napier’s Analogies, solve the angle B:
. C a
1 sin
B: 2 atan
C A . C a
tan sin
2
Measure of the angle B in radians: B 0.621rad
35
Measure of the angle B in DMS: M B 37
5
Using Napier’s Analogies, solve the side b :
. C A
sin 5
b: 2 atan tan c 3
2 . C A
sin
2
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Magnitude of the side b in radians: b 0.847 rad

48
Magnitude of the side b in DMS: M b 32
31
Check: Law of Sines or Delambre-Gauss six-part rules may be used as check formulas:
sin a sin b sin a sin ¢
. : 0 . : or
sin A sin B sin A sin C
C .a b . C . A B
cos —  sin sin —  sin 0.
2 2 2

Example 4.2. A MathCAD worksheet for solving a spherical triangle A BC in Case AAS,

whose elementsare A 20 10'00", B 55 52'30",and BC a 20 16'38".
Solution. Case AAS: This is an ambiguous case and there may be two solutions
ORIGIN 1

The convert function for sides and angles in radians:

oy Mmoo

180 60 602

The convert function for sides and angles in DMS (degrees-minutes-seconds):

Fdms:

d floor 180 X
M x : floor 60 m 180 X
round 60 m 60 180
where d x X It x 0 m X x  floor x

180 x otherwise

round X if x floor x 0.5, floor x , ceil x

The measure of the angle A in radians: A: F 20,10,0 A 0.351 rad
The measure of the angle B in radians: B: F 55,52 30 B 0.975 rad
The magnitude of the side a in radians: a: F 20,16, 38 a 0.353 rad

For the ambiguous case AAS, we compute:
sin A sina sin B 0.058

A B 0.623 A B 1.814
Since sin A sin a sin B 0,a 2016'38" 90,A B, A B, there are
two admissible values of the side b (one a positive acute side b and the other its supplement,
180 b)) and thus two spherical triangles ABC.
Using Law of Sines, solve sin b :
sina sin B

sinb: - sinb  0.832
sin A
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Case 1 fortheside b: b 90

Magnitude of the side b in radians: b: asin sinb b 0.982 rad
56
Magnitude of the side b in DMS: M b 19
18
Using Napier’s Analogies, solve the angle C:
a b
1 cos
C: 2 atan
A B a b
tan cos
2
Measure of the angle C in radians: C 1.995rad
114
Measure of the angle C in DMS: M C 20
6
Using Napier’s Analogies, solve the side c:
A B
a b €08 2
c: 2 atan tan
2 A B
cos
2
Magnitude of the side ¢ in radians: ¢ 1157 rad
66
Magnitude of the side ¢ in DMS: M c 20
20
Check: Law of Sines or Delambre-Gauss six-part rules may be used as check formulas:
sin a sin b sin a sin ¢
. . 0 . . or
sin A sin B sin A sin C
. C .a b . C A B
sin —  sin sin —  cos 0
2 2 2
Case 2 fortheside b: b 90
Magnitude of the side b in radians: b: asin sinb b 2158 rad
123
Magnitude of the side b in DMS: M b 40
42
Using Napier’s Analogies, solve the angle C:
a b
1 cos
C: 2 atan
A B a b
tan cos
Measure of the angle C in radians: C 2397 rad

99



137

Measure of the angle C in DMS: M C 21
29
Using Napier’s Analogies, solve the side c:
A B
b cos 5
c: 2 atan tan
2 A B
cos
2
Magnitude of the side ¢ in radians: c 2.392rad
137
Magnitude of the side ¢ in DMS: M c 4
49
Check: Law of Sines or Delambre-Gauss six-part rules may be used as check formulas:
sin a sin b sin a sin ¢
. . 0 : : or
sin A sin B sin A sin C
. C . a b . C A B
sin —  sin sin —  cos 0.
2 2 2

Example 4.3. A MathCAD worksheet for solving a spherical triangle A BC in Case SSA,

whose partsare AC b 1556'17", AB ¢ 4518'22",and B 73 38'20".
Solution. Case SSA: This is an ambiguous case and there may be two solutions, or one
solution, or neither one

ORIGIN 1
The convert function for sides and angles in radians:
Fdms: m >

4 = =
180 60 @02
The convert function for sides and angles in DMS (degrees-minutes-seconds):

d floor 180 X
M x : floor 60 m 180 X
round 60 m 60 180
where d x X tx 0 m X x  floor x

180 x otherwise

round X if x floor x 0.5, floor x , ceil x

The magnitude of the side b in radians: b: F 15,56,17 b 0.278 rad
The magnitude of the side ¢ in radians: c: F 45,18, 22 ¢ 0.790 rad
The measure of the angle B in radians: B: F 7338, 20 B 1.285 rad
For the ambiguous case SSA, we compute: sin b sin c sin B 0.407
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Since sin b sin ¢ sin B 0, then there is no value of the angle C and there is no
spherical triangle that satisfies the given conditions.
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